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Preface

This thesis consists of three parts.

In chapter 1, we study the spectral and pseudospectral properties of the
differential operator H, = —0? 4+ 2*™ + ie ' f(z) on Hilbert space L*(R),
where € > 0 is a small parameter, m € N and f is a real-valued Morse
function which satisfies |0%(f(x) — |z|7%)| < Clz|*"! for | = 0,1,2,3
and large |z|. We show that U(e) = (supyeg ||(He — i) 7Y|) ™ and X(e) =
inf R(o(H,)) satisfy C~te (™ < W(e) < Ce™ and X(e) > C~te (M),
v(m) = min {22 1}. This extends the result of I.Gallagher, T.Gallay
and F.Nier [6] (2009) for the case m = 1 to general m € N. The result of
this chapter is taken form [1].

In chapter 2, we consider d-dimensional time dependent Schrodinger equa-
tions i0yu = H(t)u, H(t) = — (0, — iA(t,z))*> + V(¢,x) in the Hilbert space
H = L*(R?). We assume V (t,z) and A(t,z) are almost critically singular
with respect to spatial variables € R? both locally and at infinity for the
operator H(t) to be essentially selfadjoint on Cg°(R%). In particular, when
magnetic fields B(t, z) produced by A(t, z) are very strong at infinity, V (¢, x)
can explode to the negative infinity like —0|B(t,z)| — C(Jz|*> + 1) for some
f <1 and C' > 0. We show that equations uniquely generate unitary prop-
agators in H under suitable conditions on the size and singularities of time
derivatives of potentials V(t,z) and A(t,z). The result of this chapter is
taken from [3].

In chapter 3, we consider the massless Dirac operator H = a- D + Q(x)
on the Hilbert space L?*(R? C*), where Q(z) is a 4 X 4 Hermitian matrix
valued function which decays at infinity. We show that the zero resonance
is absent for H, extending recent results of Y. Saito-T. Umeda [21] and Y.
Zhong -G. Gao [30]. The result of this chapter is taken from [2].

Acknowledgment [ would like to express my sincere gratitude to my
supervisor, Professor Kenji Yajima who guided and supported me during my
study at Gakushuin University.
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Chapter 1

A remark on spectral
properties of certain
non-selfadjoint Schodinger
operators.

1.1 Introduction.

We consider the following one-dimensional Schrodinger operator with a com-
plex potential
H. = —8§+x2+3f(m), reR
€

acting on Hilbert space L?(R) where € > 0 is a small parameter and f(x) is
a real-valued function. In [24, ICM], C.Villani asked the following question:

Problem 1.2. What is the condition on f(z) for ¥(e) := inf R(c(H,)) —
+00 as € — 0 and how the growth rate of divergence ?

In [22], J.H.Schenker has proved the following theorem.

Theorem 1.2.1. If L; := {x € R; f(x) =t} is essentially nowhere dense for
each t € R, then ¥(€) — +o00 as € — 0.

Here, we say that a set S is essentially nowhere dense if S = S'UN where
S" is nowhere dense and N has Lebesgue measure zero. In 6], I.Gallagher,
T.Gallay and F.Nier have studied the growth rate of ¥(e) and the spectral
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quantity W(e) := (sup)\e]R |(H. — i/\)_1||> under the condition that f(x) is
a real-valued Morse function.

In this paper, we study the same problem for

Hez—ﬁi—l—xm—i-éf(x), z € R,

where m > 1 is an integer. We shall examine how the results [6] will be
changed or unchanged if the increasing rate m € N of the real part of the
potential is changed. We begin observing some properties of the operator H..
It is well known that the operator H,, := —d? + z*™ is self-adjoint in L*(R)
with domain D = {u € H*(R);2*"u € L*(R)}. We consider the operator
H, with same domain D. The operator H,, has a compact resolvent and the
spectrum o(H,,) consists of a countable number discrete positive eigenvalues.
By virtue of the classical perturbation theory, the operator H. also has a
compact resolvent for all € > 0, and the spectrum o(H,) again consists of a
countable number discrete eigenvalues {\,(€) }nen with R(A,(€)) — 400 as
n — 0o. The numerical range

O(H.) = {{Heu, u)r2;u € D, [|ullr2 = 1}
is obviously contained in the rectangle

Re={A € C;R(A) = ap, e3(A) € f(R)}

where ag > 0 is the lowest eigenvalue of the self-adjoint operator H,,. Hence,
for all n € N and all € > 0, we have

An(€) € O(H,) C R..

It follows that the imaginary axis iR is contained in the resolvent set of H..
We define

S(e) = inf R(o(H.)) = minR(A\u(e)), (e) = (ilégH(He —7;)\)1H>_ .

neN

Then, we remark that

Y(e) > W(e) > ap. (1.1)

Indeed, for any A € R, we have

1
dist(i\, o (H,))

1
-1 <
I'< Ssan o)

= Ryp((He —iA)™") < ||(He — i)



where R, is the spectral radius. Thus, taking the supremum over A € R, we
have

1 1 < 1 1
SUp ————— = —
U(e) — ,\eg dist(i\, R.)  ao’

which implies (1.1)

Since ©(H,) C R, H. — ap is maximal accretive and by the Hille-Yoshida
theorem, it follows that ||e *H¢|| < e®! < 1, for all ¢ > 0. In [6], I. Gallagher,
T. Gallay and F. Nier have shown that the decay rate of the semigroup e~/
can be controlled by the information ¥(e) and W(e) as follows. The following
Lemma will be proved in Appendix. Here, we corrected their mistakes.

Lemma 1.2.2. Let A be a maximal accretive operator in a Hilbert space X .
Suppose that the numerical range O(A) := {(Au,u)x;u € D(A), ||u||x = 1}
is contained in the sector {z € C; |argz| < § — 2a} for some a € (0, 7] and
A is invetible. Define

-1
Y =infR(c(A)), V= (sup |(A— M)lH) :
AeR
Then the following holds:

(i) If there exist C > 1, p > 0 such that ||e7*|| < Ce ™ for all t > 0,
then

0

x> > —
= Ty log(C)

(ii) For any 0 < u < X, we have ||e || < C(A, p)e ™ for all t > 0, where

9
N(A, 1) + —

sino

C(A ) = 1{

(e

} L N(A, 1) = sup [[(A—p—in) .
AER

tano

(iii) If, moreover, 0 < p < ¥, then

1

< .
N(A p) < T

For the case m = 1, . Gallagher, T. Gallay and F. Nier [6] have studied
the lower bound for Y(€) by using a variational method ”hypocoercivity”
which has developed by C. Villani [23].

9
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Theorem 1.2.3. Suppose that f € C3(R) satisfies [, f
there exist C;7 > 0 and 0 < v < % such that

€ L>®(R), and

N 1.
(Hou,u) = / (|8xul2 + 2" ul? + S f (x)QluF) dr > %“U”2 (1.2)
R € €

for allu € D and all 0 < e < 1. Then there exists Cy > 0 such that, for all

0<ex,

C C

2 W) > ——
elog(2/¢€)

To state our main theorem, we set the following assumption.

Assumption 1.2.4. Assume that f € C3(R,R) has the following properties:

(1.3)

(1) All critical points of f are nondegenerate, i.e., f (x) = 0 implies " (x) #
0,

(ii) There exist positive constants C' and k such that, for all x € R with
7] > 1,

1 C
l

Loosely speaking, we consider the Morse functions which are bounded
together with their derivatives up to the third order, and which decay like
|z| % at infinity.

Under the Assumption 1.2.4, it is straightforward to estimate the lowest
cigenvalue of the self-adjoint operator H,. The following lemma is also a
generalization of Lemma 1.7 of [6].

Lemma 1.2.5. Suppose that f satisfies Assumption 1.2.4. Then there exists
C > 1 such that, for all 0 < e < 1,

N C 1

<info(H,) < ) where p(m) = min {#, 5} :
The proof of this lemma will be given in Appendix. We remark that

under the Assumption 1.2.4, the inequality (1.2) is satisfied with v = p(m)

by Lemma 1.2.5. Thus, if f satisfies the Assumption 1.2.4, we have

C
e’(m log(2/€)
For the case m = 1, by modifying the proof of Theorem 1.2.3, I. Gallagher,
T. Gallay and F. Nier [6] improved the exponent p(m), if f satisfies the
Assumption 1.2.4. We also extend this result for the case general m € N.

OEZP(m)

S0 > o w(e) > (1.4)

ep(m)’

10
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Theorem 1.2.6. Suppose that f satisfies Assumption 1.2.4. Then there
exists C' > 0 such that, for all 0 < e < 1,

C C 2m 1
Y(e) > Ye) > h =minq ———, — 5.
(€) > ROk () > e(m) log(2//€)’ where v(m) = min { P 2}
(1.5)

We remark that since v(m) > p(m) for all m € N, the lower bound in (1.5)
is strictly better than in (1.4). However, Theorem 1.2.6 cannot give optimal
estimates for f satisfying the Assumption 1.2.4. In fact, as we shall see
below, we can remove the logarithmic term in (1.5) by using the localization
techniques and semicalssical subelliptic estimates. In particular, we give an
optimal estimate for ¥(¢e). The following theorem is main result of this paper.

Theorem 1.2.7. Suppose that f satisfies Assumption 1.2.4. Then there exists
C > 1 such that, for all 0 < e < 1,
1 C
Com = YO = oo
Remark 1.2.8. For the casem = 1, Theorem 1.2.7 was proven by I. Gallagher,
T.Gallay and F.Nier [6]. Our result shows that v(m) > v(n) if m > n.

As we already remarked in (1.1), we know that (e) > W(e). However,
the following theorem shows that ¥(¢) can be much bigger than ¥(e) in some
particular cases. We remark that for self-adjoint operators, ¥ = ¥ by virtue
of the spectral theorem, where ¥, U defined in Lemma 1.2.2. The following
is also a generalization of the Theorem 1.9 of [6].

Theorem 1.2.9. Fiz k > 0 and set f(x) = (1 +2%)7*/2. Then there exists
a constant C' > 0 such that for all 0 < e < 1,

’ 2m 1
h = mi — 5.
, where v (m) mm{k+2m,2}

>_ -
) 2

The rest of the paper is organized as follows. In Section 1.3, by using
a variational method, we prove Theorem 1.2.3 and Theorem 1.2.6. In Sec-
tion 1.4, by using the localization techniques and semiclassical subelliptic
estimates, we prove Theorem 1.2.7. Theorem 1.2.9 is proved in Section 1.5.
Before going into the next, we remark that

(i) W(e) > ap if f € L>*(R) is not a constant,

(i) W(e) — oo as € — 0if f € L>°(R) N C°(R) and for any ¢t € R, L; has
empty interiors.

11
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This can be proven similarly to Proposition 1.4 and Lemma 2.1 of [6]. Through-
out this paper, we denote by C' various constants whose exact values are not
important. Thus they may differ from one place to the other.

1.3 Variational Estimates

In this section, we prove Theorem 1.2.3 by using a variational method. For
the case m = 1, I. Gallagher, T. Gally and F. Nier [6] have studied the lower
bound of X(e) and ¥(e) by applying a variational method hypocoercivity
developed by C. Villani [23]. We consider the linear operator of the form

= A*A 4+ B in a Hilbert space X where A is the linear operator and
B is the skew symmetric operator. The method of hypocoercivity allows
us to compare the spectral properties of L with the associated self-adjoint
operator L = A*A + C*C where C = [A,B] := AB — BA. For the case

= 1, by setting X = L*(R), A = —0,+z and B = (i/e) f(x), then we have
A*A+ B = H. — 1. On the other hand, since C = [A, B] = (i/e) f (z), the

associated selt-adjoint operator H is defined by A*A + C*C = H, — 1 has

the explicit form H, = —92 + 22 4 (1/€2)f ()2 For the case general m € N,
the method of hypocoercivity cannot be applied. However, by considering
the similar operator

1.
e
€
we obtain the lower bound of 3(e) and U(e).

1.3.1 Proof of Theorem 1.2.3
Suppose that f € C3(R) satisfies f*, f* € L>(R) and the inequality (1.2)

holds for some 0 < v < 1/2. Let u(x,t) be a solution of the equation:
ou(w,t) = —Hou(x,t) = 0u(z,t) — 2> u(z,t) — 3f(:zc)u(x,t). (1.6)
€

We define the quadratic functional as follows:

1 ! /
0(t) = [ {3l + G000 + 2271 + R(@)F ) + 3P}
R
(1.7)
where «, 3, 7 are positive constants which precise values will be determined
later. We assume that 432 < oy so that

12
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1 1 3 3y,
Sl < @) < [ 51l + 50 + a2 fup) + 5 Pl | do,
2 r 2 4 4
(1.8)
for all ¢ > 0. Then, we prove the following inequality:
D' (t) < —n®(t), with n = O(e™). (1.9)

To prove (1.9), we compute the time derivative of ®(¢). Using the identity
(1.6) and after integration by parts, we obtain the following identities:

2dt/ lu|?dr = —/(\8 u + 22 |u)?|)dx (1.10)
%%/}R(W ul? + 2% |u)?)d /|82 — oM u|?dr — —9‘%/ (9,0)(f) udz,
(1.11)
d
BE%/RZ'(&CE)(]” Judz = —é R(f N2 |uldx — B%Aiﬂf Oyudx

+253%/ (8,2) (f)(Pu — 2*™u)dz, (1.12)

;;it (f lufde = —’y/( P(10uuf? + 22 u? )dx—zw%/f’f” (O,u)ada.
(1.13)

To estimate the various terms in ®'(¢), we define

=102 fllos, J=2,3

and we use the following bounds:

——§R/ (9,0) f udr < = / |0, ul?dz + —/ )2 |u|?dx, (1.14)

—ﬂ?R/Rmf (Opu)dz SLgB/RW(azuﬂde %(T_D/R(quf%—ﬁmmﬁ)dx
(1.15)
o 282 [,
28R Oy 0*u — z*™u)d O*u — 2*™ul*d 2|0, uldz,
o [ (0.0)f @ = uyde < § [ (02— aufde+ 2 /R<f>(1f6)x

—273%/f’f”a(8mu)dx < i/ lamu|2dac+472L§/(f/)2|u|2dx. (1.17)
R R R

13
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Using the estimate (1.10)-(1.17), we have

() < (—1 + M) /R(\(?xu]Q + 2™l dz

2 2@0
a 2 om. 12 g o 272 'N2| 12
—§/|8xu—x ul*dr + | ==+ — +47° L, /(f)]u| dx
R € € R
_ 2_ﬂ2 N2 2 2m 2
+|—7+ - (f)(|0pul® + 27| ul?)dz. (1.18)
R

We now define positive constants a, 5 and v as follows:

C(Be\P . ao 1 (N
O“(Z) ’B_mm{ng(aOH)’?)sz}’7_8<?) - (119)

Then, it is obvious that 48% = oy, 4y?L3 < 3/4¢, and we thus have

(1) < —l/(|8zu|2 +a?uPyde — 2 [ (F2Pde (1.20)
1),

2€ Jr
- / 1020 — 2?Mu)dr — 2 /(f,)2(|8xu\2 + 2?™|uf?)da. (1.21)
2 Jr 2 Jr
We neglect both terms in (1.21) and use only the upper bound (1.20). We

may assume € < 1/(23) without losing generality. Using (1.20) and (1.2), we
obtain that

/ 1 / Cy (2B)vFt
¥(0) < 5 [ (oo L [ Ppde- T2 E0 [ upas

(1.22)
Thus, combining (1.8) and (1.22), we have
/ : 1B BCi28)"
D (1) < —nd( thn= —_— 1.2
() < —no(0) with = min { - 2 FORTTA

which proves (1.9).

We next deduce some information of the semigroup e " in L*(R). Let
u(x,t) be a solution of the equation (1.6) with initial data uy € L*(R). By
integrate with respect to ¢ in (1.10), we have

14
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ve 1 1
/O {10:uOI + lle™u(@)7} dt = 5 (lluoll® = u(vOIF) < Flluoll’
(1.24)
Then, there exists 0 < 7 < /e such that
m oI
lu()I* < Nluol*, 19au(r)|I* + [l2™u(r)||* < Q\O/E : (1.25)

here, we used the fact that ||u(t)||* is monotone decreasing function of ¢ (see
(1.10)). Using (1.7), (1.19), (1.25) and the fact that | f (z)| < |f (0)|+ La(1+
|z|™) for all x € R, there exists C' > 0 such that for any 0 < € < 1,

B(ve) < 0(r) < w1 (1.26)

Hence, we have

2
Jult + VAP < 20(t + V) < 2 B(VE) < 2 e uol, for all £ 20,

and it follows that

| e~ (t+VOH

20\ 2 ¢

< (—) e_CT%, forall t > 0.
€

By virtue of Lemma 1.2.2 (i), we have

Y(e) > %

Z =
<1 for all £ > 0, we have

Ve < 20\ 2 _ ot
dtg/ dt—l—/ min< 1, — ) e & >dt
0 0 €
<e”+i lo E 1
- 02 & €

Thus, taking the supremum over A € R, we have

C
U(e) > m.

This completes the proof of Theorem 1.2.3.

Since v < 1/2 and ||e~He

I =0 < [ e
0

|

+1}, for all X € R.

15
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1.3.2 Improved decay rate under the Assumption 1.2.4-
Proof of Theorem 1.2.6

For the case m = 1, under the Assumption 1.2.4, by considering the func-
tional ®(t) defined in (1.7) with the parameters a, /3, 7 depending on the
space variable z, I. Gallagher, T. Gallay and F. Nier [6] have improved the
exponent v in Theorem 1.2.3. In this section, we generalize their result to
the case general m € N.

Let u(z,t) be a solution of the equation (1.6). We again consider the
quadratic functional ®(¢) defined by (1.7). However, now «, 3,7y are positive
functions of space variable x. Let Sy > 0 be a small constant whose precise
value will be determined later. Take a large enough constant A > 0 so that
all critical points of f are contained in the interval [-A + 1, A — 1]. Then,
we define functions a(x), B(x),vy(x) as follows:

az) = (M)m (z) =8 (5(x)3>1/2 (1.27)

4 €
507 if |.ZU| S A7
k—m+1
Bay=1(5) ", it A<lal<B, (1.28)
ﬂoe_%, if |z| > B, B, = Ae™ FFBmFT

where k is as in the Assumption 1.2.4. It is easy to verify that the function
B(z) has the following properties: for any 0 > 0 there exists €y > 0 such that
for any 0 < € < ¢g, all z € R

e (x)? < p()2, eBlx) <6, ¢ (¢)” < 6B(x). (1.29)
We again prove the following inequality as in the proof of Theorem 1.2.3.

2m 1
< _ ; — —v(m) — m - -
O (t) < —nd(t), withn = O(e ), v(m) n11n{k+3m+ T 2}
(1.30)

We compute the time derivative of ®(¢). We shall only point out what mod-
ifications are necessary in Theorem 1.2.3. The equation (1.10) is unchanged.
The equation (1.11) is changed as follows:

1d

—— [ a(@)(|0,ul* + 2*|u*)dr = — / a(2)|0%u — 2*™u|*dx

16
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- —§R/ )(0,2) (f) udx — §R/ )(0,1)(0*u — 2™ u)dw.  (1.31)

Using (1.29), we have for small € > 0,

o (x)? P () _ 1
alz)  8B(z)3/? =1y

The last term of right hand side (1.31) is bounded as follows:

for all x € R.

1 ’

—5]%/ )(0,1) (02u — ™ u)dw < 4/a($)|8£u—m2mu|2d:p+/ a(( )> |0, u|*dx
R
1
< —/a(x)|8§ — 2" ulrdz + —/ |0, u|*dz.

4 Jr
Since a(x)? = B(x)e/4, the second term of right hand side (1.31) is bounded
as follows:

——%/za (9,0) f udr < - /\8u| dx+—/ﬁ N2 ul?d.

Thus, we have

ld 2 2my 12 3/ 2 2m, 12
-z <_ 2 _
5% Ra(x)(|8xu| + 2™ ul|*)dx < 1 Roz(x)|3zu x| dx
/|8 u|2d$~|——/5 N2 ul*de.
(1.32)

The equation (1.12) is changed as follows:

§R/ ) (0 u)( uda:———/ﬁ N2 |uldx — §R/ z)af Oyudzs

—I—2§R/z’ﬁ(:c)(6xa)(f)(8§ 7 d:L’—i—?R/zﬁ Yaf (0%u — x*™u)dx
—?R/ z)af (Opu)de (1.33)

Since 3 (z)?/a(x) < B(x)/e for small enough € > 0, the forth term of right
hand side (1.33) is bounded as follows:

17
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o(z)
[ awlotu— e+ oo [ B P,
(

Similarly, the fifth term of right hand side (1.33) is bounded as follows:

%/zﬁ Vaf (9*u — z*™u)dx < %Aa(m)]@iu—xzmul2dx+2/ g (x)2< N2 u|?da
1
8

H

.34)

%/zﬁ yaf" 8udx<—/\8u]da:+3/ﬁ N2 ufda
—2/|8$u| d:zc+ /ﬂ V2|ul?dz, (1.35)
R

where in the last inequality we used (1.29) and the fact that |f"(z)| <
Cilf (z)] for all x € suppf’. Since a(z)? = B(z)e/4, the third term of
right hand side (1.33) is bounded as follows:

a(x)\@iu—a:Qmu\Qd:U—l—%/’y(x)(f/)Q\aqudx.
R R

2R / iB(2)(0,7) f (DPu—z2"u)d < % /
R

It remains to estimate the second term of right hand side (1.33). We first
note that

//l

% [ B Oude < 35 [ 0P 3 [ Bap( Pl

lz|<A

+3 Bx)*(f)|ulda.
j@]>A

We choose 8y > 0 so that 383L2/ag < 1/6. Then, we have

" 1
3/ B(a:)Q( ) lu | do < 353[/2/ |u|2dx < —/(|8xu|2—|—x2m|u|2)dx
lol<A 6 Jr

Using (1.29) and the fact that |f" (z)| < Ci|f (2)| for all |z| > A, we have
for small enough € > 0,

3 [ B@P P luPds < oo [ B Plafde.

jo|>A

18
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Summarizing, we thus have

d , ,
E§)fe/Rz'5(a;)j»’ w(0,0)dx < — %/Rﬁ(x)(f VJufdz + % /R(|6’xu|2 + 22 u)de

+§/a(x)|8£u—m2mu|2d:v+l/v(x)(f/)2|6xu|2dx.
8 R 2 R
(1.36)

Finally, we consider (1.13). The equation (1.13) is changed as follows:

%%Aﬂmwﬂww: /%@VHWM“%MM)

—5}?/ u(0yu)d :1:'—2%/ (2)f [ (Opu)adz. (1.37)

Using (1.29), we have for small enough ¢ > 0, 7' (x)?/v(z) < B(x)/e. Then,
the second term of right hand side (1.37) is bounded as follows:

® [ 7@ amm<i£wwu¥mwwmy/”“§<>udx

sié%)()wmdﬁw—/ﬁ 2Jufde,

To estimate the third term of right hand side (1.37), we take a partition of
unity ¢ (z) + ¢2(x) = 1 such that ¢1, g2 € C*°(R), supp ¢y C {|z| < A}, and
supp ¢ C {|z| > 2A}. We define 7, = ¢, and 2 = ¢, and choose By > 0
so that 768L23222/k—m+11 < 1/12. Then, we have

2
—2%/71 ffla 8ud93<—/,8 |u|dw—|—12L2/ ()|8x|d
|z|<2A 6()

_126/5 |u|dx—|——/|8u|dx

here, in the second inequality, we used ey(x)?/8(z) = 643(x)? and the fact
that 8(z) < Bo2*~"*! for |z| < 2A. On the other hand, integrating by parts
in the third term of right hand side (1.37), we have

2 [ a(o)f Fw0)ds = [ o) (11" Pt [ 4 f P
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Since |y (2)/v(z)| = 2|8 (z)/B(z)| < |k —m+1|/A by the definition of 5(z)
and ~(x), it is obvious that |y,(x)| < Cy(z) for some C' > 0 independent of
¢ > 0. Using the fact that |f" (z)| + |f" (z)] < Ck|f ()| for all z € supp ¥,
and (z) < f(x)/e for small enough € > 0, we have

—2?)?/72 ffa (9udac<C’/ ]u|dx<—/ﬂ N2 ul?da.

12

Thus, we have

3 | @ Pluds < - Z [ A@ P 0l + ) o

/|(9 u|2dac+—/ﬁ V2 |ulPdz. (1.38)

Summarizing the estimates (1.10), (1.32), (1.36) and (1.38), we obtain that

1
(1) < _-/<|a uf? + 22" ) de — — / B(x)(f 2 |ul2dx (1.39)
1 1
- = / a(2)|0%u — 2*™u|*dr — - / (@) (f)2(|0pu)? + ™ |ul?)dz.  (1.40)
8 Jr 4 Jr
We neglect both terms in (1.40) and use only the upper bound in (1.39) as in
the proof of Theorem 1.2.3. We use the following fact which will be proved

in Lemma 1.6.1 (Appendix). There exists C' > 0 such that for any v € D
and 0 < e < 1,

[ (o a2+ 2R 2 o > S, vm) = i {
R € €
(1.41)

Hence, using (1.39) and (1.41), we obtain that

, 1 1 , C
&(t)< -1 / (185uf? +2*™ ) dz — = / B(x)(f ) ufPdr — / juPda,
8 R 86 R 86( ) R

and combining the upper bound estimate in (1.8), we have

7

/ 1 1
® (t) < —nP(t), with n = min , —
(t) < —n(?) 7 {6HaHLoo P

20
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which proves (1.30). The rest of the proof can be done as in the proof of
Theorem 1.2.3. Thus, we have

C C
U(e) > .
o VO 2 a2V
This completes the proof of Theorem 1.2.6.

Y(e) >

1.4 Resolvent Estimates.

In this section, we prove Theorem 1.2.7 by using the localization techniques
and semiclassical subelliptic estimates. In particular, we remove the logarith-
mic term in (1.5) and give an optimal estimate for W(e). The proof patterns
after that of Proposition 4.1 of [6]. We estimate

ke, N) = [(He —id) 7, VeER, 0<e< 1.

Under the Assumption 1.2.4, f has only a finite number of critical points.
We denote the set of critical values of f by

ov(f) ={f(x);z €R, [ (x) = 0}.
Proposition 1.4.1. If f satisfies Assumption 1.2.4, then for any A € R and
0 < e < 1, the quantity k(e, \) satisfies the following estimates:

(i) If dist(eX, f(R)) > 6 > 0, then k(e, \) < €/.
(ii) If dist(eX, ev(f) U {0}) > > 0, then k(e, \) < Cze?/3.
(iif) If A = A(e) is such that lim._,g e(e) = o € cv(f)\{0}, then
lim e~'/2r(e, A(e)) < C.

e—0
(iv) For A =0, the quantity x(e,0) satisfies

Cemvim, if 0¢f(R),
k(e,0) < C’emin{%%}, if 0e fR)\ev(f),
cemm{EER i 0 € ev(f).

(v) There exists C > 1 such that, for all A € R and 0 < e < 1,

2 1
k(e \) < Ce’'™ . where v(m) = min {WZ—FT 5} .

For the proof of Proposition 1.4.1, we use the following localization scheme.

21
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1.4.1 The localization formula
Lemma 1.4.2. Let Q = —A +V in RY, where V is a complex valued mea-
surable function. Let {x3};cs, where x; € C3°(R?,R) be such that

ZXj($)2 =1, for all z € RY, and

jed

mi ;= sup Z |Vx;(z)]? < +00, m3:= sup Z(A)@(ﬂﬂ)f < 4o00. (1.42)
v€R jeg veR? ey
Then, the following estimates hold for any u € C5°(R?)
2/|Qull* + 3m3[ull® + 8mi||Vul* = Y |Qx;ul?, (1.43)
jeJ

in particular, if RV (z) > 0,

2(|Qu[* + 3mj|ull® + 8miR(Qu, u)r2 > > |Qxsul, (1.44)
jeJ

(Quy )z +mi|ul® =Y (Qxjus xyu)r2. (1.45)
jeJ

Proof. For any y € C3°(R% R), we have

Q*X*Q = Q*XxQx + Q*x[x. Q]
= xQ"Qx + [Q", x]Qx + Q" x[x, Q)
= xQ* Qx + [Q", x]xQ + Q*x[x. Q] + [Q", X][Q, x]
= XQ"Qx — [A, X]xQ + Q" X[A, x] + [A, X][A, x].

Since

(A, x] =2(Vx) -V + (Ax) =2V - (Vx) — (Ax),

we have

Q*X°Q = xQ*Qx—V - (VX*)Q+ (Ax)xQ+Q*(Vx?) - V+Q*x(Ax) — Ri Ry,

where R, = 2(Vx)-V+(Ax). Applying this identity to xy = x; and summing
over j € J, we have

22
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QQ = xQQx+ Y {(Ax)xQ+Q(Ax)} = ) Ry Ry,

jed jed jeJ
Since
(Axj)x;Qu + Q*x;(Ax;)u, u) > —[[(Ax;)ull® — [Ix;Qul?,
(=Ry Ryu,u) > =8[(Vx;) - Vull* = 2] (Ax;)ull?,
we have

(@ Qu.u) =Y {llQxsull® = (IhQul® + [[(Ax)ul®) = BII(Vxs) - Vaul® + 2[|(Ax;)ull) }
JjeJ
> > lQxsull® = |Qul* — 8m? || Vul|* — 3m3ul|*.

jeJ

This implies (1.43). In particular, if RV (x) > 0, it is obvious that R(Qu, u) >
|Vul|?>. Thus (1.44) follows by (1.43). Finally, we prove the inequality (1.45).

Since [x;, Q] = [A, x;] = 2(Vx;) - V + (Ax;), we have [x;, [x;, Q] = (VX3) -
V — 2|Vy;|%. Hence,

D s G QU = =2 |Vl (1.46)
jed jed
On the other hand, since [x;, [x;, Ql] = x;Q + Qx; — 2x,;Qx;, we have
> I G Q=20 - 2> x,Qx;. (1.47)
jeg jed

Thus, it follows from (1.46) and (1.47) that

(Qu, ) +mil|ull* = (Qu,u) + <Z vaqu,u> = D (Qxju, x;u).

jet jed
This completes the proof. n

Using a dyadic partition of unity, we apply Lemma 1.4.2 to the one-
dimensional operator ) = H, — i\.
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Lemma 1.4.3. For j € N, € > 0 and A € R, we define unitary operators U;,
j €N by (Uju)(z) = 22/%u(2x) and transform Q by U;
Piey=—27%202 + 27 + Ef(ij) — i\,
and let
Cj(e, N) = inf{|| P ul|; u € C3°(R),supp u C Kj, ||ul| = 1},

where Ky = [—-1,1] and K; = [-1,-3/8] U [1,3/8] for any j > 0. Then
k(e, ) = |[(He — i\ Y| satisfies

-1

-1
1 ; < < ] ;

(juellg Cj (e, )\)> < k(e,N) < C (]uellg C (e, A)) (1.48)
for some constant C > 1 independent of € > 0, X € R.

Remark 1.4.4. It is clear that C;(e,\) > ag for all j € N, e > 0, XA € R,
because

aollull* < R(Peau, u) < [[Piepullllull, for all ue CF°(R).

Proof. We first prove the upper bound in (1.48). Let {x;};en be a dyadic
partition of unity such that

Do) =@+ Y% (5) =1
7=0 7=1

where xo, x1 € C§°(R) satisfy

Then, it is obvious that
m? = sup 3"V, (0)? < oo, md = sup ST (A (@) < oo
zeR? jeJ zERY jed
Thus, we apply Lemma 1.4.2 to the one-dimensional operator ) = H, — i\.

Since agl[ul> < R(Qu,u) < |Qul[luf < 124 for all u € C(R), it follows
from the localization formula (1.44) that
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2 2
8mi  3m;

C?|Qul|* > Z |Qx;ull?, where C? =2+ — + 2.

= ag a?
For any j € N, we define
vi(x) = 22y (22)u(Px), xR,

so that suppv; C suppx;(2/-) C K; and (Pj\v;)(x) = 2/2(Qx u)(2z).
Then, we have

o] 2 o0
C?Qul* > Y 1Peavsl® > (Jiglgcj(e,x)) > P
j=0 Jj=0

2 oo 2
_ , a2 — [ , 2
~ (mcyen) > (i Coten) Tl (1a9)

Since @ = H, — i\ and C{°(R) is a core for H,, it follows from (1.49)
that k(e,\) = ||[(H — i\~ < C (inf;enCj(e,A)) ", We next prove the
lower bound in (1.48). Define m(e, \) = inf;en Cj(e, A). By the definition
of infimum, for any § > 0,e > 0,A € R, there exists v; € C§°(R) such
that v; # 0, suppv; C K; and ||Pj\v;]| < (m(e, A) + d)||v;||. By setting
u(z) = 279/%0;(277z), we find that ||Qu|| < (m(e, \) + 6)||u|. Thus, we have
k(e, A) > (m(e,\) +9). Since d > 0 is arbitrary, we obtain the lower bound
in (1.48). O

1.4.2 Proof of Proposition 1.4.1

We begin the proof of Proposition 1.4.1.
(i) If dist(eA, f(R)) > 0, then

IS((He — iNu,u)| = ‘<<z - A) u,u>’ > gHuH2 for all we D,

€

and we obtain r(e,\) < €/d. Before we prove (ii), for f satisfying the As-
sumption 1.2.4, we define

Cy L sup sup 2k f(272)] < 400,
jEN IL'GK]'

where k& > 0 is the parameter that governs the asymptotic behavior of f(z)
at infinity as in the Assumption 1.2.4.
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(ii) Suppose that dist(eX, cv(f) U {0}) > 0. We also assume that ¢|A| <
| || L= +6, because otherwise we can use the estimate (i). For any u € C§°(R)
with suppu C K and u # 0, we have the lower bound

namw>JwﬂmwwL_KWV@”—”%““”'EEGM %)

[ (T €287 Julf? 2k

Since €|A| > 4, taking large enough J € N such that 2*/ > 2C} /4, we find that
Cj(e,\) > 6/(2¢) for all j > J. Thus, we only consider the case 0 < 57 < J
and the problem is reduced to finding a lower bound on [|(H, — i\)u|| when
u € C*({x € R;|z| < Rs}), for some Rs > 0. On a bounded domain, we
can neglect the bounded term 2?™ in H, and only consider the operator

Q=-3+(f() - M.

Thus, our result is same as in the case m = 1 [6]. We take a partition of
unity 6p(z)% + 0;(z)*> = 1 such that 6,6, € C*°(R), suppby C [—2,2] and
suppt; C (—o0,—1] U [1,+00). Using these functions, for any o > 0, we
define a new partition of unity as follows:

xr) — €A ,
W+l = 1o =6 (T22) o s
Then, it is obvious that there exists C' > 0 such that
m? = Supz IVx;(z)]> < Ce ™, mj = supz (Ax;(z))* < Ceto.

xeR xeR

Thus, it follows from the localization formula (1.44) that

2Qul* + H I* + IIQUIIHUH > [|Qxoull” + [@xaull*. (1.51)

We first estimate the second term of right hand side (1.51). Since supp x; is
contained in the set {z € R;|f(x) — e\| > €7}, we have

1 _
Ixaulll|@xau| > - ((f(z) — eX)xau, xau)| > €7 xaul)?

and it follows that
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1Qx1ull > " Hxaull. (1.52)

We next estimate the first term of right hand side (1.51). Under the Assump-
tion 1.2.4, f has only a finite number of critical points. Thus, f~1(e)) is a
finite set. We denote f~(e\) = {zy,- - -, x,}. Since dist (e), cv(f) U {0}) >
9 > 0 and supp o is contained in the set {x € R;|f(z) —e\| < 2¢7}, supp xo
can be decomposed as follows:

supp xo = Z[j with I; N1, =0 (5 # k), |1;] = O(e?),

j=1

where /; is an interval centered at z; and |I;| is the length of an interval I;.
In particular, we can decompose xou as follows:

XolU = Zuj with suppu; Nsupp u, = 0, (J # k).
j=1

Inside the interval I}, the operator @) is well approximated by the operator

Q)= 02+ 1f (a)(w — ;).

Indeed, using Taylor’s expansion of f around z;, we have

Qusl > QI = SILF) — o) = F () — )P

1 1113
> §||quj||2 - 46; (@ — 25)u,]|?
1 -
> §||quj\|2 — Ce' 72y, (1.53)

The operator ); is unitary equivalent to the following micro local operator:

@, =i (-t i), = L), (154

which satisfies

~ 2
|Qyull = Cy3 lull. (1.55)
Indeed, the operator P = —9? + iz satisfies the following inequality:

" / 1 " 3
1Pull® = llu 11" + lzul® £ 23w, w) > Sllu|* + [leul” = Slull
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Thus, we find that P is invertible and P~! is a compact operator which
implies (1.55). It follows from (1.53) and (1.55) that

1Qxoull* =Y 1Quy[* = O™ = 772) Y~ Jluy)®
j=1 j=1
= C(e " —€772) xoul”

Since o > 0 is arbitrary, we take o > 1/6 so that €72 < ¢ %/3 for small
enough € > 0. Then, we have

|Qxoull® = Ce7lxou* (1.56)
Thus, it follows from (1.51), (1.52) and (1.56) that

1
1Qull* + = llu]l* = C'min{e* =2, e} |lu]>
€ g
Finally, taking o < 1/3 so that e %7 < ¢™%/3 <« €22, we have

IQull > Ce™*?|lull,

which proves (e, \) < Ce?/3. This completes the proof of (ii).

(iii) The assumption lim. g eA(€) = a € cv(f)\{0} implies that e|A| > §
for some fixed § > 0 and small enough ¢ > 0. Thus, we can reduce the
analysis to a bounded domain as in (ii) and again our result is same as in
the case m = 1 [6]. Under the Assumption 1.2.4, f~!(«) is a finite set and
contains at least one critical point of f. However, in general, the set f~!(a)
contains non-critical points. Using a partition of unity, we treat the non-
critical points separately and their estimates can be done as in the case (ii).
To make the argument simple, we assume that f~!(a) consists of critical
points only. We consider two different cases, depending on how fast eX(e)
converges to o as € — 0.

(A) We first consider the case:

€7t < |eX — af < €2 (1.57)

where 0 < 09 < 07 < 1/2 and 303 > 501 — 1. If 09 = 0, we assume that
eX — « as € — 0. We need to prove that

|Qull > Ce2|lu| (1.38)
where Q = —92 + £(f(z) — €)) as in (ii). We take o > 0 such that
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1 20’1 1 01 02 1
<o < - < ——4+ =+ - 1.59
N R B A S N (1.59)
We use again a partition of unity Xo( )2+ x1(7)* = 1 defined by (1.50). Tt
is obvious that supp xo and supp x; are contained in the set {z € R;|f(z) —
eA| < 2¢°}. Thus, by the assumption (1.57), for all z € supp xo U supp X,

we have

& MDZ < p @) < i) - al} < Ot (1.60)

for some C7,Cy > 1. Since,

o= L@y &=

G- L0 (5 (£ () o

there exists C' > 0 such that

mj = Supz IVx; ()] < e,

xER

m2 _ Supz AX] ) < C( —20 E20’2740') < 06202740'

xGR

Thus, it follows from localization formula (1.44) that

1Qul* + €~ ||u]|* = C (| Qxoull” + |@x1ull?) . (1.61)
for some C' > 0. By (1.52), we have

l@xaull > € Ixaul. (1.62)
We estimate the first term of right hand side (1.61). We denote f~!(e\) =
{z1,- -+, @,} and decompose xou = D7, u; as in the case of (ii). We remark

that there exists C' > 0 such that

suppu; C {z € R; |z — 2] < Ce”= 7). (1.63)

Indeed, for x € supp u;, we have
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o1
Clr - <lw—a] inf |f (@) < |fx) - eA| < 27,
02 TESUPP Uj

here, we used (1.60). Thus, using estimates (1.53), (1.55), (1.60) and (1.63),
we have for small enough ¢ > 0,

"(z)|5 1
|@szc{ﬁﬁﬁme%;ﬂw—%fww}

> {5t i — a2 > 0Ty
Summing over j, we obtain that

2 291 _4 2
1@xoul” = Ces 5 xoul]". (1.64)
It follows from (1.61), (1.62) and (1.64) that

2
|Qull® + 4 |luf}? > Cmin {2, 54 ] ),

for some C' > 0. By our choice of ¢ > 0 (1.59), for small enough € > 0, we
20
have €224 « ¢33 < 272 and it follows that

1Qu* > Ce s 3 |[u))> > Ce ™ [lul|?,

which proves (1.58).
(B) We next consider the case:

1 1
|6)\—a|§6”f0rsome§<a<§.

Then, as before, for all z € supp xo U supp X1, we have |f (z)| < Ce? and

Thus, it follows from (1.52) and the localization formula (1.44) that

1Qul® + e lul® > C(llQxoull® + V| xaul®).

Since €% <« ¢! <« €272 for small enough ¢ > 0, it suffice to show that
lQxoul|> > Ce*|xoul|?>. Inside the support of u;, the operator Q is well
approximated by the operator
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Q=+ {H - @- )

We note that |z — z;| < Ce? for some C' > 0 and all # € suppu;. Thus,
using Taylor’s expansion of f around z;, it follows that

2

1 1 £ (x;)
10wl = Sl - % [{ ) - 5ta) - e -t
1 1"
2 5”%%‘”2 - T@LH@U — ;) uy?
1 _
> S1QsuslI” = O luy* (1.65)

The operator (); is unitary equivalent to the following micro local operator:

"l A —
@) gy Ao
2e €y?

We use the following fact which will be proved in Lemma 1.6.2 (Appendix).
For any u € C§°(R) and sufficiently small € > 0,

7%(—85 +ix® —ip) where v =

1(=0% = ia® — dp)ul| > [Jull.

Since €772 < €', it follows from (1.65) that ||Qu;||* > C|lu;||*. Thus,
summing over j, we obtain

1@xoull® = Cllxoul*.
(C) Take of = 3 € (3, 3). For any n € N, we define

11 1
ol =o' = —g" — =,
2 1 6173
It is obvious that o < of for all n € N and lim,,_,, 0] = —00. Let ng be

the smallest integer such that ¢} < 0. Then, for any n < ny,

1
o < 3 oy < o0y, 305 < boy — 1.
Applying the argument (A) to all intervals [max{0, 0%}, 07|, n =0, -+, ng, we

obtain that ||(H, —i))u| > Ce/2||ul| when X € R satisfies |eA(e) — | > €30,
Thus,

leA(e) — a > €30 = @6_%I€(6,)\) <C.
€E—
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11

35> We obtain that

On the other hand, applying the argument (B) to o =
leA(e) — al < € = F%e_%/i(e, A) <C.
e—

This completes the proof of (iii).
(iv) We consider the operator

Piog=—27202 4 22mig?m 1 L f(oie).
€

Then, for any j > 1 and u € C§°(R) with suppu C K; = {z € R;2 < [z] <
1}, we have

[ull | Prcoull > [R(P;cou, u)| > 22" / |2 ()| 2de > 32m220-3m] g2,
K;
. .
> 55 |, @)@ e > S5l
J

[l Pscoull = |S{P;c.ou, u)]
where m;(z) = inf{2¥|f(272)[;2 < |2| < 1}. From the Assumption 1.2.4,
we find that lim;_,,, m; = 1. Taking large enough J € N, we find that

Cj(e,0) > C (2"” + —) > Ce_kiﬁ, forall j > J.

€2ki

Since 0 < j < J corresponds to a bounded spatial domain, we can treated
as in (ii) and (iii). Hence, we find that

L, it 0¢ f(R),
|Hoal > Cllull, where o =142, it 0 fR\ev(f),
5, i 0ecv(f).

Consequently, we obtain that x(e,0) < Cemin{izm o),
(v) By virtue of (1.48) Lemma 1.4.3, it suffice to show that

Ci(e, \) > Ce U} forall j€N, 0<e< 1and A €R. (1.66)
As in (ii), (iii), we have Cj(e,\) > Cye /2 for 0 < j < J. Hence,
we need only consider the case j > J. We take u € C{°(R) such that

suppt C K; = {z € R; 2 < |z| < 1}, [|a]] = 1 and ||Pj5u]| < 2C;(e, N). As
in (iv), we easily find that
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infoek, |g()]

|1Pientill = C22™, | Pl > —— 57—

(1.67)
where
gi(w) = 2M f(273) — 2N,

If 2 > ¢ Fant1, the first inequality of (1.67) implies (1.66). If 27 < ¢ Fwamr1,
we integrate by parts and obtain the following relation:

1Py entt]*+C22 Y fla™a? = | Qjentl+2° D a0, -2 [l ,

where Q. = Py — 222, Thus, we have ||[Pj ull > [|Qjenu] —
C2(m=1J  Combining this estimate with (1.67), we obtain

infuex |g;
2056, 0) 2 | Pyl > & (22ma | infuer, 19(2)]

T 11Qpenil 2(’“—1”) .

€2ki
(1.68)
As is proved by [6], for any v € C§°(R) with suppu C Kj,
Ch2/3 ' .
Qi > ———||ul|, where h?? = /32:=2i/3 — © CFTaET )
7€, Qk]
€

Returning to (1.68), we find that

. h2/3 . —2m
Cj(e, )\) > C (22mj 4+ — = Q(ml)J) > Cem,

€2ki

which proves (1.66).

1.4.3 Proof of Theorem 1.2.7

According to (v) in Proposition 1.4.1, it is clear that

-1
U(e) = (sup (e, )\)) > O levm),
AER
Since Y(¢) > W(e), we find that () > C~ e (™. Hence, we need only
prove the upper bound ¥(e) < Ce¥™),
We first consider the case £ > m — 1. Fix 0 < e < 1 and 3/8 < x¢ < 1.
We define j € N, A € R and h > 0 as follows:
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271 < mmar < 20 p2 =200 e\ = f(2x,).

We take v € C§°(R) such that ||v]| =1 and suppv C [—1,1]. We define

1 T — X
up(z) = 173V ( I ) , reR. (1.69)

Then, it is obvious that u, € C§°(R), |luxn|| = 1 and suppu, C K; for
sufficiently small h > 0. Recalling that

1 , , .
jed = ok (—h23§ + R34 igj(x)) where g;(z) = 2kI f(272) — 2N e\,
€

we find that there exists C' > 0 independent of j, e, A such that

2/3

h m
1Pjexunll < €5 = Ce™ ., (1.70)

This implies that Cj(e, \) < Ce™ Fomtl and k(e,\) > CemamiT by virtue of
(1.48) Lemma 1.4.3. Thus, we have

U(e) < Ce 7rom, (1.71)

It is straightforward to verify (1.70). Using (1.69), we find that ||h?02uy| =
h2/3||v"||. Since #2™ < 12" +2m|x — x| for all z € K, we have |22 uy|| < C.
By our choice of A, gj(z¢) = 0 and

19;(2)] < |z — o] sup [g;(x)| < Clo— ),
3 <Je|<1

where C' does not depend on j by the Assumption 1.2.4. Thus, we have
lgjunl| < Ch?3 and the proof of (1.70) is complete.

We next consider the case k < m — 1. Let x( be a critical point of f. We
assume without loss of generality that o = 0. We define

A== g(z)=fz) — e

We take v € C§°(R) such that ||v]| =1 and suppv C [—1, 1] and define

1 x

Using Taylor’s expansion of g around xy = 0, we find that
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I(He = iXuell < llucll + 2" uell + €l gue|
1/2
=Ce 2+ C + C|2%u || + O (/ xﬁ\ue(x)|2dx>
SUPp ue
< Ce 2,
Hence, C1€'/2 < sup, g || (H. — iA)7!|| and we obtain that

T(e) < Ce V2, (1.72)
Thus, it follows from (1.71) and (1.72) that

\I/(E) < Cefmin{%’%},
This completes the proof of Theorem 1.2.7.

1.5 Spectral lower bounds-Proof of Theorem
1.2.9.

In this section, we prove Theorem 1.2.9. 1. Gallagher, T. Gallay and F.
Nier [6] have proved Theorem 1.2.9 for the case m = 1, by using a complex
deformation method and the same localization techniques as in the proof of
Proposition 1.4.1. They also use accurate numerical computations to show
that the lower bound in Theorem 1.2.9 is optimal when m = 1, in the sense
that the exponent v'(m) cannot be improved. Our proof for the general case
patterns after that of Theorem 1.9 of [6].

1.5.1 Proof of Theorem 1.2.9

To prove Theorem 1.2.9, we use the following Lemma which will be proved
later.

Lemma 1.5.1. There exists Cy,Cy > 0 such that for any 0 < e < 1,
Cy
o(H)N{z € C;CoRz < |Fz| < —1} =10.
€
We begin the proof of Theorem 1.2.9. We now omit the proof of this
lemma and proceed the proof of Theorem 1.2.9. By virtue of Proposition

1.4.1, for any A € R such that |\| > Cie™!, we have (e, \) = [[(H.—i\) 7| <
Ce: for some C' > 0. Since
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1
< N (He i)™ €R 1.73
dist(ip, o(H.)) = I(He —ip) ||, for any p € R, (1.73)
it follows that
C c,
Rz > VL forany z € o(H)N 2z € C;|S2| > — 5. (1.74)
‘ €

We next consider the domain

o(He) N {z € C; |9z < ﬁ}
€

By virtue of Lemma 1.5.1, we need only consider the domain

1 , 2 1
o(He) N {z € C|3z] < m}, where v (m) = min{k_i_—rn;m,é}.

Thus, we take any A € R such that |A] < e*”,(m), and estimate k(e,\) =
|(H. — i)"Y as in the proof of Proposition 1.4.1. By the definition of
Cj(€, A) as in Lemma 1.4.3, there exists u € C§°(R) such that suppu C K; =
{r e R;2 < |zf <1}, |Jull = 1 and || Pja]| < 2C)(e,A). As in the proof of
(iv) of Proposition 1.4.1, we have

[ Pjenll > 32mo2(i=3)m

1 . A A )
| Pjenl > eQ_szlenlg 19;(2)|, where gj(z) = 2% f(2z) — 2" ).
J

Hence, we find that for all j € N

1 - 1
oy s Y oomoegeam Lo _
Ci(e, \) > 5 {3 2 + ok xlenigj lg; ()]
If j is finite, by virtue of Proposition 1.4.1, we have Cj(e, \) > Ce 2 and it

follows that Cj(e, \) > Clev (m), Thus, it suffice to consider the case 7 € N
is large enough. By the Assumption 1.2.4, if ;7 € N is large enough, there
exists C > 1 such that

A A C 3
<M () < T forallz e Ky ={r¢€ R;g <|z| <1}

Clal® |z]
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If ij€|)\| < %7 then infmeKj lg;l(z) > g and we find that

; 1 m /
Cj(e,A) = C {22”” + —} > Cemitm > Ce ),
€2ki

On the other hand, if 2M¢|A| > 2 and |A| < e‘”,(m), then it is obvious that
Cie, \) > %32’”22@—3)’” > O (),

Hence, for any A € R such that |A\| < E*V,(m)’ we have Cj(e,\) > Ce—v (m)
for all j € N, and it follows that

ke, ) > C inf Cj(e, A) > eV (m).

Using again (1.73), we find that

1
Rz > % for auzea(He)m{zeCJ%zl < )}. (1.75)
eV (m ev (m

Thus, it follows from (1.74) and (1.75) that
/ . 2m 1
where v (m) = nun{k o’ 5} :

This completes the proof of Theorem 1.2.9 and it remains to prove Lemma
1.5.1.

1.5.2 Proof of Lemma 1.5.1

To prove Lemma 1.5.1, we use a complex deformation method using the
dilation group (Upe)(x) = e%/2¢(e’x), which are unitary operators when 6 €
R. If f is given by f(x) = (1+ 22)~%/2, the multiplication operator (i/e) f(z)
is a dilation analytic perturbation of H, = —0? + ™. According to the
dilation analytic theory ([4]), when we define the operator H.(f) by

_ -1 __ —20 52 2mo,.2m i 1
He(e) =UyH U, = —e¢ 895 + e 4 gm,
for S = {0 € C;|¥(0)| < 7w/4m}, the spectrum of H.(0) does not depend on
0es.
Let 6§ = ut;, and t, = m. We note that the operator H,(it) is
maximal accretive. Indeed, for any x,y € R, we have
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e Hthp? 4 e2mitey? € {2 € C; —2t), < argz < 2mt} C {z € C; Rz > 0},
i (1 4 e—QitkIQ)k/Q
€ |1+ e2itng?[k

E{zeC;%—ktkgarggg}c{zeC;%ZEO},
and it follows that

R (H(ity)u,u) >0, for any u € D.

We take a partition of unity xo(z)?+ x1(x)* = 1 such that supp xo C (—1,1)
and yo(z) =1 on [—1/2,1/2], Then, it is obvious that

= sup Z IVx;(z)|]> < 400, m3 = sup z:(AXj(:lr))2 < +o0,
and we apply the localization formula (1.44) to the operator Q = H.(ity)—i\.
Then, we have

I(He(itr) —iN|I* +[1¢]1* = CLUI(He(ite) —id)xod | + | (He (i) —iX)xa¢]*}-
(1.76)
We estimate the right hand side of (1.76) respectively.
(i) We estimate the first term in the right hand side (1.76). Define ug =
Xou, then we have

Nesoll | (B i) — i)
> [S((HL(ity) — iNuo, o)
> SR((f(e" ) — Ao, ug) — sin(21) g
L it {RF () — eX |2 — tan(2te) ol | (H(its) — iXyuo].

€ |z|<1

v

Here, in the third inequality, we used the fact that for any v € D,

<
cos(2ty)

||u %«He(ltk) - Z)\)U, u> <

< m”(i(itk) — i\ )ul[[Jul]

Since |1 + €?| < 1 for |z| < 1 and —kt;, < argf(e*®) < 0, we have

R{fF(eM9)} 2 [ f(e™)|R(e™™) > 27 2cos(kty) > 272, for |z| < 1.
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Thus, if we assume that e|\| < Iy := 27*+2)/2 we have

2||(He(ity) — iXNugl| > (1 + tan(2tx))[| (He(itx) — iA)uo|
> L int (RF(e2) — A} |uol

€ |z|<1
l
> ~luo (1.77)

where {5 = 2~*+1)/2 _ ..
(ii) We next estimate the second term in the right hand side (1.76). Define
up = x1u, then we have

[(Hc(ity) — iNu|] | (He(ity)ur, uy

> ) — A
]

> inf |z — i)
ZES}

where Sy is arbitrary sector in the complex plane which contain the quantity

) iy ) ei(g—ktk) €2itk +I2 k/2
(i) = 2 P S (T )

We now define the sector Sy as follows:
T 1 2it 1
Sk:{zEC;—Ztkgargzg§—k(tk—5k)}, where 5k:§arg e ’“4—1—1 :

Then, we find that (H(ity)uy, u;) € Sg. Indeed, if we set

2 = 672itkHu1|l2 T 627m'tkamulH27

- Ui, Uy
c 1+ e2iteg2[k J

Z9 =

then, it is obvious that —2t; < arg z; < 2m¢t;. On the other hand, we have

. , 1
max arg (62”’c + xQ) = arg <e2”k + Z) = I,

|z|>3

T_m T km(2m — 1) + 4mn

— > — —k(tpy —0x) > = — kty, = > 2mt
3”5 kb= 0) > 5 — K am(k + 2) S
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it follows that 2mt; < argzy < §—k(tx—0x). Thus, —2t; < arg(H(ity)ui,u;) <
T —k(tr —6x) and (H (itg)u1,uy) € Sk. Since inf.cg, |2z —1A| = ¢i|A| for some
cr, we have

I(He(itr) — iM)ua]l = ci|AlfJual]- (1.78)

Combining (1.76), (1.77) and (1.78), and using the fact that ||(H(itx) —
i\)|| > agcos(2mty), we obtain that there exists C; > 0 such that for any
A € R satisfies €|\ < o,

. . . l 2|1\

NHGit) — 6l > Coin d 2 oV = 2 (wr9)
2¢ Cl

Thus, for any z = g+ 1A with 0 < Oy < |A] < lpe™ !, we have

. . C1
[(HG) — N G

L= pll(He(ity) = iM)7H 71— pgpy — [A]

I(He(it) = 2)7H <

and z ¢ o(H(ity)) = o(H,). This completes the proof of Lemma 1.5.1.

1.6 Appendix

In this appendix, we prove Lemma 1.2.2, Lemma 1.2.5, and give Lemma
1.6.1 and Lemma 1.6.2 which were used in the proof of Theorem 1.2.6 and
Proposition 1.4.1 (iii) respectively.

1.6.1 Proof of Lemma 1.2.2

Let A be a maximal accretive operator in a Hilbert space X. Suppose that the
numerical range ©(A) is contained in a sector S, = {z € C; |arg 2| < § —2a}
for some 0 < o < /4.

(i) Suppose that |e7*|| < Ce # for all t > 0. Then, by virtue of the
representation of the resolvent

(A—2)1= / e et qt, (1.80)
0
we find that the set {z € C;Rz < p} is contained in a resolvent set p(A).

Thus, we have ¥ > p. Setting z = i\, A € R in (1.80) and using the fact that
e ' is an infinitesimal Cy-semigroup, we have
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logC' + 1

(A =4\~ S/ ||e_tA||dt§/ min {1, Ce '} =
0 0 H

Taking the supremum over A € R, we thus have

>—M .
~ 141logC

(ii) We define the line segment in a complex plane as follows:

Co(p, ) = {zEC;%z:u,|argz| Sg—a},
Ii(p,a) = {ze@;%zz,u,argz::l:<g—a>},
F(p, o) =T (g, ) UTo(p, ) UT 4 (1, ).

We use the inverse Laplace formula

1
et = — (A —2) e tdz,
27 Jr(pa)

where 0 < p < X. Since Rz = p on the I'g(u, a), we have
< N(A, p)e ™|To(p, )| = N(A /L)e*“tQ—'u
- ’ ’ ’ tan 2a’

‘ / (A—2) e dz
Fo(,u,a)
(1.81)

where N(A, j1) = supg,_,, [|(A — 2)7"|] and [To(p, @) is the length of a line
segment I'o(p, ). On the I'y(u, @), z € I'y (i, ) can be written as z =
x + (ix/tan o) with > p. Since ©(A) C S,, we have

1 1 1

< < :
I'= dist(z,0(A)) ~ dist(z,5,) =

(A = 2)

Thus, we have

1
o —tx 1 2
§/ ¢ (1—|— 5 ) dx
" x tan‘ o

1 o0 —put
< / etdr = (1.82)

= ptsina

/ (A—2)tedz
Iy ()

Similarly, on the I'_(u, ), we have
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e Mt
< —
ptsino

(1.83)

‘ / (A—2)"tedz
I (p,0)

Using the fact that |[e™*!|| < 1 < 1/sina and combining the estimates (1.81),

(1.82) and (1.83), we have
1 et
—— min < T,
TSI { it }

<l{ o N(A, pn) + 2n }e_’“‘t.

T 7w |tanw sino

— M _
e < B N (A, et +

(iii) Suppose that 0 < u < W. Since pl[(A —i\)7Y| < p¥P~! < 1 for any
A € R, we have,

_ e 1
A—p—iN Y < | (= (A=) I(A=in Y < = .
[(A—p—=iA) 7 < (T = (A=) lII(A=iN) R s i

Thus, N(A, 1) < (U — ). This completes the proof of Lemma 1.2.2.

1.6.2 Proof of Lemma 1.2.5
Let V(z,¢) = 2°™ + L;”V By virtue of the Min-Max principle, it suffice to

€

show that there exists C' > 1 such that for any ¢ € D, 0 < e < 1,

R 2
(H.0.0) = [(0.08 + V(s loPde = g (180
and
. C
(Hide6) < g6l for some 6. € CRR)CD. (185)

We first prove (1.84). Under the Assumption 1.2.4, there exists L > 0 such

that
2

!

fz)?> S [20 for |z| = L,

and f has only a finite number of critical points: {x,- - -, zx}. We take a
partition of unity Z;.V:O X; = 1 such that y; € C*(R), supp xo C (—o0, —L)U
(L,400) and f has exactly one critical point in suppy; for 1 < j < N.
Applying the IMS localization formula (1.45) to the operator ) = H.. we
find that there exists C' > 0 such that
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N
/R (100 +V (z, )6 da+Cllo ] > 3 / 102524+ V (2, €) ;). (1.86)
=0

with ¢; = x;¢. By the mean value theorem, for any 1 < j < N, there exists
¢; > 0 such that for any x € supp x;,

V(l’ 6) > f/(‘r)Q > CZ('I_J:]')Q.

Hence, we have (H.¢;, ¢;) > c;e ! ¢;]|% for all 1 < j < N. Since

k’2

2m
—_— > T EEmtL
9e22(kt1) = €€ T

Vi, e) > x*™ +

for all = € supp Yo, it is obvious that (H.¢g, ¢o) > coe™ Pl |o|?. Thus, we
have

N

(Heoj, ¢5) > coe™ Fomit || oI + €7D cjllyl|*, (1.87)

J=1

and (1.84) follows from (1.86) and (1.87). It remains to prove the upper
bound (1.85). We first consider the case k < m — 1. Let xy be a critical
point of f. We assume without loss of generality that zo = 0. Take ¢ €
C3°(—1,1) such that ||¢|| = 1 and define ¢.(z) = e Y*¢p(e"*/?x). Using
Taylor’s expansion of f around xg = 0, we find that

(Hete, 6) = 19l + 20| + 6‘2/ f (@) o(x) P

Supp ¢e

=Ce'+ 0420 (/ x2|gbe(:1c)|2da:)
supp ¢e
< Ce 'l (1.88)

We next consider the case k > m — 1. Take ¢ € C§°(1,2) such that ||¢|| =1
and define ¢.(z) = 62(k+m+1>¢(ek+rln+1 x). Then, we have

<[:[E¢67 (be) < Ce k+27:?+1 . (189)
Thus, (1.85) follows from (1.88) and (1.89).
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1.6.3 Proof of Lemma 1.6.1

Lemma 1.6.1. Let f : R — R, be the function defined by (1.28). Then,
there exists C > 0 such that for any ¢ € D, 0 < e < 1,

€

[ (4 a2mto + PO 2 ) o> Lol vton) = win {2
(1.90)

Proof. We assume that A > 0 is large enough so that all critical points of f
are contained in [-A + 1, A+ 1]. Then, we have

2

N2

fx)” = P EECEE jz] > A.

Let W(x,e) = 2*™ + w Using a same partition of unity as in the
proof of Lemma 1.2.5, and applying the IMS localization formula (1.45) to
the operator —92 + V (z, €), there exists C' > 0 such that

N
/R (1862 + W (z,€)|62) dz + Cllg]? > 3 / (10052 + W (2, )| 5[2) da
=0

(1.91)
with ¢; = x¢. By the mean value theorem, for any 1 < 57 < N, there exists
¢; > 0 such that for any x € supp x;,

quﬁ)zl%fﬂjf S 2@ =)

j
€
Hence, for all 1 < 5 < N, we have

/ (100652 + Wz, )l 65[2) dir > s V2|0 (1.92)
R

Since

kz 2m 1
ﬁ() > Ce_k+3m+17 fOTA < |37| < Be = Ae¢ FF3mTt

2
W(z,e) > x m+2Ak—m+1€|x|k+m+l =

and
_ k—m+1
om  Do€ FFEmEI k2

__2m
2| 20D > Ceriomit, for [o] 2 Be,

W(z,e) >

44
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it is obvious that

/ (10z00|* + W (x, €)|¢o|?) dzx > o€ FFImTT | pol|?. (1.93)
R

Thus, (1.90) follows from (1.91), (1.92) and (1.93). O
1.6.4 Proof of Lemma 1.6.2
Lemma 1.6.2. For any u € CP(R) and sufficiently small € > 0,

1(=0% = ia® — ip)ul| > [Jull.

Proof. We set P = —0% 4+ i(2? — ). We note that if ¢ > 0 is sufficiently
small, |u| is very large. Hence, we may assume || > 1. Since

[Pullllull = [S{Pu, u)] >

[ = et

if p is negative, it is obvious that || Pul|| > |ul|||u|| > ||u||. Thus, we need only
consider the case ;1 > 1. We take a partition of unity Z?:o 6;(z) = 1 such
that ; € C*(R) and

Y

1 1
supp@oc{xeR;—§§$§§}7

1S
suppby C {x € Rz > 2},

1
supp@lc{xeR;—<x§3},

1
supp 63 C {x eR;—-3<z< _Z} ,
suppfy C {x € Rz < —2}.
Using these functions, we define a new partition of unity as follows:

4
T .
D xi@) =1, x (@) =6; (—) ,j=0,1,234.
7=0

n2 + p4
Then, it is obvious that there exists C' > 0 (u independent) such that

4 4
m? = sup > |Vx; (@) < Cp2, m3 = sup > (Ay(x))* < ",

d d
zeR j=0 zeR =0
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Thus, it follows from the localization formula (1.44) that

4
1
1Pul* + /7”“”2 > O |1Px;ull.

7=0

Set u; = xju. Since

supp x1 C {:I;G ;Tgxgi%(,ué%—ui)},

supp x2 C {SC eR;jz > Q(M% +,ﬁ)}’

we have

[Puollfluoll = |3 (Puo, uo)| = /(u — 2)|uo(x)*dz > pl|uoll?,
R

3(u2+ut)
[ Pus|fjur]] = /1 1 (@ = )l (@)Pde > pllua?,
M§+H +pd
[ Pus|lfuz]| = / o (@ = p)lus(@)Pde > .
2(p2+pt)

Similarly, we obtain that

[Pus|| = pllusl, |Puall = plluall-
It follows from (1.94), (1.95), (1.96), (1.97) and (1.98) that

[Pull = pallull = ful]

This completes the proof of Lemma 1.6.2.
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Chapter 2

Schodinger equations with
time-independent strong
magnetic fields.

2.1 Introduction
We consider time-dependent Schrodinger equations
i = H(t)u(t) = —V2A(t)u +V(t,x)u, Vap =V —iA(t,z) (2.1)

in the Hilbert space H = L2?(RY) of square integrable functions, where
A(t,x) = (A (t,),..., Ag(t,z)) € RY and V(t,x) € R are respectively mag-
netic vector and electric scalar potentials. We study the existence and the
uniqueness of unitary propagators for Eqn. (2.1).

In accordance with the requirement of quantum mechanics we say that
a function u(t,z) of (t,z) € R x R? is a solution of (2.1) if it satisfies the
following properties:

(1) wu(t,-) is a continuous function of ¢ € R with values in H and ||u(¢,-)|| 12
is independent of t € R.

(2) wu(t,x) satisfies Eqn. (2.1) in the sense of distributions.

Suppose that there exists a dense subspace ¥ C H such that, for every
s€Rand p € ¥, Eqn. (2.1) admits a unique solution u(¢, x) which satisfies
the initial condition u(s, z) = ¢(x) and that u(¢,-) € X for every ¢t € R. Then
the solution operator ¥ 3 ¢ — u(t,-) extends to a unitary operator U(t, s)
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in A and the two parameter family of operators {U(t,s): —oo <t,s < oo}
satisfies the following properties:

(a) U(t,s) is unitary and (¢, s) — U(t,s) € B(H) is strongly continuous.

(c) (8

qn.

= Y and, for every ¢ € X, u(t,z) = (U(t, s)p)(x) satisfies

)
(b) U(t,s)U(s,r) =U(t,r) and U(t,t) = 1 for every —oo < t,s,r < o0.
)%
(2.1) in the sense of dlstrlbutlons

Definition 2.1.1. We say a two parameter family of operators {U(t,s): —
o0 < t,s8 < oo} is a unitary propagator for (2.1) on a dense set ¥ if it satisfies
properties (a), (b) and (c) above.

Thus, the existence of a unique unitary propagator on a dense subspace
of H implies that Schrodinger equation (2.1) generates a unique quantum
dynamics on H. When A and V are t-independent, it is well known that
the existence of a unique unitary propagator on H is equivalent to the es-
sential selfadjointness of Hamiltonian —V?% + V on C§°(RY). The problem
of essential selfadjointness has long and extensively been studied by many
authors and it has an extensive literature. We record here following two the-
orems, Theorem 2.1.2 of Leinfelder and Simader([15]) and Theorem 2.1.3 of
Iwatsuka([7]) which are relevant to the present work. We need some nota-
tion: (1 + |z|?)Y/2 = (z); L? = LP(R?), 1 < p < oo are Lebesgue spaces and
LP = L7 (RY) are their localizations; ||ul|, is the norm of L?, |jul| = ||ul|2
and (u,v) is the inner product of u,v € H. A function W (z) is said to be of
Stummel class if it satisfies the property that

2
lim sup / Mdy =0, (2.2)
|

€20 1 cRra z—y|<e ’Q? - y’d74

where |z — y|*~¢ should be replaced by |log|x — y|| if d = 4 and by 1 if
1<d<3.

Theorem 2.1.2. Let A € L}  and V- A € L}
Viel}

ioe- Let' Vo= Vi + Vy with
and Vo of Stummel class. Suppose that, for a constant C, > 0,

loc
Vi(z) > —=C.(z)*. (2.3)
Then, H = —V? +V is essentially selfadjoint on C§°(R?).

It can be easily seen that conditions in Theorem 2.1.2 are also necessary
as far as smoothness is concerned. However, condition (2.3) on on V at
infinity can be substantially relaxed if the magnetic field B(z) = (Bjx(x))
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produced by A,, Bj, = 0;A; — 0xA;, 0; = 0/0x;, grows rapidly at infinity.

We define .
B) = (X 1Bu@)?) "

j<k

Theorem 2.1.3. Let p(r) be a continuous function of r > 0 such that

/000 p(r) tdr = oo.

Suppose that A and V' are C™ and they satisfy that, for constants C,,

10 B(x)| < Cap(lz))(|B(2)| + 1), o] = 1,2; (2.4)
|B(x)] + V(z) = —p(|z])*. (2.5)

Then, H = —V? + V is essentially selfadjoint on C5°(R?).

We remark that, by virtue of condition (2.4), magnetic fields which behave
too wildly at infinity, e.g. |B(z)| > Cexp((z)*™) or |B(z)| = Ccos(e®” )
for some C' > 0 and ¢ > 0, are excluded in Theorem 2.1.3. To the best
knowledge of authors, it is unknown whether or not Theorem 2.1.3 remains
true without this condition.

We now state main results of this paper. We want to remark beforehand
that, by virtue of assumptions on time derivatives, A(¢,z) and V (¢, z) in fol-
lowing theorems may be considered as perturbations of time frozen potentials
A(to, z) and V (to, z) respectively, to being chosen arbitrarily.

Definition 2.1.4. M(R?) is the space of real valued functions Q(z) of class
CHRY) which satisfy for a positive constant C' > 0 that

Q(z) = C(z) and [VQ(z)| < C(x)Q(x). (2.6)

For Q € M(R?), —A + Q(z)? is essentially selfadjoint on Cg°(R?) (see
Theorem 2.1.2) and hereafter Lo will denote its unique selfadjoint extension.
Lo > —A + C*z? and Lg is positive definite; we have

D(Lg) = {u € H: Au, QVu, Q*u € H}, (2.7)
CH|Lou|l < |Aul| +[|QVull + Q%] < CllLoull, we D(Lg)  (2.8)

for a constant C' > 0 (see the proof of Lemma 2.4.1).

For Banach spaces X and Y, B(X,)) is the Banach space of bounded
operators from X to ) and B(X) = B(X,X). We say f(t,z) is of class
C*(RY) if it is of class C* with respect to variables z € RY. Multiplication
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operators by V(t,-), A(t,-) and etc. are denoted by V (), A(t) and etc.
respectively; A(t,z) = 9,A(t,x) and V(t,z) = 9,V (t, z) are time derivatives.
The letter C' denotes various constants whose exact values are not important
and they may differ at each occurrence.

First two theorems, Theorems 2.1.5 and 2.1.6, may respectively be thought
of as time dependent versions of Theorem 2.1.2 and its form version. [ is
an interval. Under the assumption of Theorem 2.1.5, operators Hy(t) =
—Vi‘(t) +V(t,z)+ C(t){x)* and H(t) = —Vi(t) + V(t,x) are essentially self-
adjoint on Cg°(RY) by virtue of Theorem 2.1.2. We denote their selfadjoint
extensions again by Hy(t) and H(t).

Theorem 2.1.5. Suppose A and V' satisfy following conditions:
(1) A(t,-) € L}, and V, - A(t,-) € L% for allt € I.

loc loc

(2) V = Vi + Vo with Vi and Vy such that Vi(t,-) € L2, fort € I and

loc
Vo(t, ) of Stummel class uniformly fort € I. There exist a continuous

function C(t) and Q(x) € M(R?) such that

Vi(t,z) + C(t)(x)* > Q(z)%, (t,z) € I x R% (2.9)

(3) Forae. x € Ry A(t,z) and V(t,x) are absolutely continuous (AC for
short in what follows) with respect to t € I and multiplication operators
in H by following functions are all Lg-bounded uniformly fort € I:

Vt,z), V. -Atz), At,2)? 0,{(Alt, )"}, j=1,....d.

Then, following statements are satisfied:

(a) Ho(t) has t-independent domain D such that D C D(H(t)). We equip
D with the graph norm of Hy(ty), to € I being arbitrary.

(b) There uniquely exists a unitary propagator {U(t,s): t,s € I} for (2.1)
on H with following properties: U(t,s) € B(D); for ¢ € D, U(t, s)y is
continuous in X with respect to (t,s), of class C in H and it satisfies

i U(t,s)p = H(t)U(t,s)p, i0;U(t,s)p =—U(t,s)H(s)p. (2.10)

A remark on condition (2.9) which corresponds to (2.3) of Theorem 2.1.2
is in order since they look differently from each other. As was mentioned
above we are considering Eqn. (2.1) when A(¢,x) and V (¢, z) satisfy condi-
tions of Theorem 2.1.2 for every fixed t € R, in particular, that
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Vi(t,z) > —C.(t)(x)” (2.11)
for a continuous C,(t). Then, if we choose C(t) = C,(t)+ C, Vi(t, z) satisfies
(2.9) with Q(z)? = C(z)* € M(R?), C being an arbitrarily large constant.
However, this is the worst case conceivable and Vj(t,z) may rapidly grow
to positive infinity as |z| — oo, in which case Vi(t,x) certainly satisfies
(2.11). If Vi(t,z) increases the faster as |z| — oo, then Q(z) of (2.9) may
be taken the larger, condition (3) becomes the less restrictive and the class
of potentials accommodated by the theorem becomes the wider. Condition
(2.9) is formulated for studying these cases simultaneously. Similar remark
applies to conditions (2.13), (2.23) and (2.24) in following theorems.

When V is spatially more singular than in Theorem 2.1.5, we use quadratic
form formalism. The following is a form version of Theorem 2.1.5. A function
W (t,z) is said to be of Kato class uniformly for t € I, if

t
lim sup / Mdy—O, (2.12)
le—y|<e

€20 4c1 zeRrd |z — y|d=2 B

where |z — y|?>~¢ should be replaced by |log |z —y|| if d = 2 and by 1 if d = 1.
We write ¢(u,u) = g(u) for quadratic forms g(u,v).
Theorem 2.1.6. Suppose that A and V' satisfy following conditions:

(1) A(t,-) € L&, for everyt € I.

loc

(2) V(t,z) = Vi(t,z) + Va(t,x) with Vi such that Vi(t,-) € Li (RY) for

loc

all t € I and Vi(t,-) of Kato class uniformly fort € I. There ezist a
continuous function C(t) and Q € M(R?) such that

Vi(t,z) + C(t)(z)* > Q(z)?, tel. (2.13)
(3) A and V are AC with respect to t for a.e. x € R? and
IAD LG s + 1L V(LG Pllsusy < €. tel  (2.14)
for a constant C' > 0.

Then, following statements are satisfied:

(a) The quadratic form qo(t) defined on C5°(R?) by
qo(t)(u) = /Rd(WA(t)Ul2 + (V(t,2) + C(t)(x)")|ul*)da
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is strictly positive and closable; the closure [qo(t)] has domain Y inde-

1
pendent of t € I and Y C D(L). We equip Y with the inner product
[q0(t0)](u,v) by choosing to arbitrarily and denote by X its dual space
with respect to the inner product of H. We have H (t) = —Vz(t)—l—V(t) €
B(Y,X) and t — H(t) € B(Y, X) is norm continuous.

(b) There uniquely ezists a unitary propagator for (2.1) on Y with following
properties: U(t,s) € B(Y); forp € Y, U(t, s)p is continuous in Y with
respect to (t,s), of class C* in X and satisfies equations (2.10).

Before stating time dependent versions of Theorem 2.1.3, we generalize it
for V(x) which are locally as singular as those in Theorem 2.1.2 or in Theorem
2.1.6 by slightly strengthening conditions (2.4) and (2.5) at infinity.

Theorem 2.1.7. Let A be of class C? and the magnetic field B generated by
A satisfy for constants C,, that

05 B(x)] < Cala)N(|B@)| + 1), o] = 1,2 (2.15)

Let V(z) = Vi(z) + Vo(z) with Vi € L2 . and Va of Stummel class. Suppose

loc

that there exist constants 0 < 1 and C, > 0 such that
0|B(z)| + Vi(z) > —C.(zx)*, = €R% (2.16)

Then, L = —V? +V is essentially selfadjoint on C3°(R?) and the domain of
its selfadjoint extension H is given by D(H) = {u € H: —Viu+Vu e H}.

Theorem 2.1.8. Let A(z) and B(x) be as in Theorem 2.1.7. Let V(z) =
Vi(z) + Va(z) with Vi € L _(RY) and Vy of Kato class. Suppose that there

loc

exist constants @ < 1 and C, such that (2.16) is satisfied. Define
Vi(z) = Vi(z) + (C, + C1){z)? (2.17)
with a sufficiently large constant Cy. Then, following statements are satisfied:
(1) The quadratic form qo on C3°(R?) defined by
qo(u) = [|V.aull* + (Vi + Ve)u, u) (2.18)
s bounded from below and closable. The closure has domain
D([go]) = {u e L*: Vau e L?, (|B|+ V4| + (x)*)?u e L?}. (2.19)
For u € D([q]), we have Va|u|* € L' and [qo)(u) is given by (2.18).
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(2) The selfadjoint operator Hy defined by [qo] is given by
Hou = —Viu+ (Vi + Vo)u, (2.20)
D(Hy) = {u € D([g)), —Viu+ (Vi + Va)u € L*}. (2.21)

Suppose that A and V satisfy conditions of Theorem 2.1.7, then they also
satisfy those of Theorem 2.1.8, and the operator Hy defined in Theorem 2.1.8
is essentially selfadjoint on C5°(RY) and D(Hy) = {u € L*: (=V% + Vi +
Vo)u € L?}. This follows from the fact that selfadjoint operators admit no
proper selfadjoint extensions.

Theorems 2.1.9 and 2.1.10 in what follows are time dependent versions of
Theorems 2.1.7 and 2.1.8 respectively. Under assumptions of Theorem 2.1.9

H(t) = =Viy +V(t,z) and Ho(t) = =V + V(t,z) + (C(t) + Ch)(x)”

are essentially selfadjoint on C§°(R?) by virtue of Theorem 2.1.7. We denote
their selfadjoint extensions again by H(t) and Hy(t).

Theorem 2.1.9. Suppose that A and V' satisfy following conditions:

(1) A(t,z) € C3(R?) for allt € I and the magnetic field B(t, z) generated
by A(t,z) satisfies, for constants C, > 0,

09B(t,z)| < Colx)N(B(t, z)), |a|=1,2, (t,z) eI xR (2.22)

(2) V(t,z) = Vi(t,z) + Vo(t,z) with Vi(t,-) € L2 (RY) for allt € I and

loc

Vo(t, ) of Stummel class uniformly with respect to t € I. There exist a
constant 0 < 1, a continuous function C(t) and Q € M(R?) such that

0|B(t,z)| + Vi(t,z) + C(t){z)? > Q(x)?, (tx) eI xRL  (2.23)

(3) Forae. z € RY, A(t,x) and V(t,z) are AC with respect tot € I. Time
derivatives satisfy, for a constant C' > 0, that

V.- Alt, )] + At 2) P + Vol Al 2)2)] < CQ@),  (t,2) € 1 x RY
and that V (t,z) = Wy(t,z) + Wi(t, ) + Wa(t, ) such that
1Q 2 W, (t)(—~A+ 1) ?||gpy < C, tel, j=0,1,2.
Then, following statements are satisfied for a sufficiently large Cy > 0O:
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(a) Domain D of Hy(t) is independent of t € I and D C D(H(t)) for all
t € I. Equip D with the graph norm of Hy(to), to being arbitrarily.

(b) There uniquely exists a unitary propagator {U(t,s): t,s € I} on H for
(2.1) such that U(t,s) € B(D); for ¢ € D, U(t, s)p is continuous with
respect to (t,s) in D, of class C* in H and satisfies (2.10).

Theorem 2.1.10. Let A(t,x) and B(t,x) be as in Theorem 2.1.9. Suppose

(1) V(t,x) = Vi(t,x) + Va(t,z) with Vi(t,-) € LL_(R2) for allt € I and
Va(t,-) of Kato class uniformly with respect to t € 1. There exist a
0 <1, a continuous function C(t) and Q € M(R?) such that

0|B(t, )| + Vi(t,z) + C(t)(z)® > Q(z)%, (t,x) € I x RY.  (2.24)

(2) V(t,x) is AC with respect tot € I fora.e. x € R and V (t,z) satisfies,
for a constant C' > 0,

1L V) Lo ey < €, tel. (2.25)

Let V.=V 4 (C(t)+ C){(z)* and Vi = Vi + (C(t) + C1){(x)” for a sufficiently
large constant Cy > 0. Then, following statements are satisfied.

(a) The quadratic form qo(t) on C5°(R?) defined by
qo(t)(w) = [Vaeul® + (V (£, 2)u, u) (2.26)

is bounded from below and closable. Domain Y of its closure [qo(t)]
is given by (2.19) with obvious changes. Y is independent of t and
satisfies Y C D(L%). We equip Y with the inner product [qo(to)](u,v),
to € I being arbitrarily and denote by X its dual space with respect to
the inner product of H. Fort € I, define operator H(t) from Y to X
by

(H(t)u,v) = (Vapu, Vagv) + (V(t, x)u,v), u,ve.

Then, H(t) € B(Y,X) and it is norm continuous with respect tot € I.

(b) There uniquely exists a unitary propagator for (2.1) on Y such that
U(t,s) € B(Y); for p € Y, U(t, s)p is continuous with respect to (t,s)
in'Y, of class C' in X and satisfies (2.10). Moreover, {U(t, s)} extends
to a strongly continuous family of bounded operators in X.
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We emphasize that in all theorems above no conditions are imposed on
the behavior at infinity of the positive part of V in contrast to strong size
restrictions on its negative part.

For the reference on the problem, we refer to the introduction of [28]
and we shall jump into the proof of Theorems immediately. We shall not
prove Theorems 2.1.5 and 2.1.6 because they are proved in [28] for the case
Q(z) = C(z) and the proof goes through for the present cases with obvious
changes, and because the proof of Theorems 2.1.9 and 2.1.10 which we shall
be devoted to in what follows basically patterns after that of [28], though
several new estimates are necessary.

The plan of paper is as follows. Section 2.2 collects some well known
results which are necessary in subsequent sections. We prove selfadjointness
theorems, Theorems 2.1.7 and 2.1.8 in Section 2.3. In Section 2.4, we formu-
late and prove an estimate for the resolvent of H,(t) = —V?3 ) + Vi(t,z) +

(C(t) + Cy){z)* which replaces the diamagnetic inequality (cf. [5]). We em-
phasize that it is hopeless to have standard diamagnetic inequality for this
operator since the scalar potential W (t,z) = Vi(t,z) + (C(t) + Cy)(x)* of
H,(t) can wildly diverge to negative infinity as |z| — oo and —A + W (¢, x)
is not in general essentially selfadjoint on C$°(R?). We prove Theorems 2.1.9
and 2.1.10 in Section 2.5 and 2.6 respectively by using materials prepared in
preceding sections.

2.2 Preliminaries

In this section, we recall Kato’s abstract theory of evolution equations which
the proof of Theorems will eventually relies upon, and Iwatsuka’s identity
which will be used for deriving various estimates necessary for applying
Kato’s theory.

2.2.1 Kato’s abstract theory for evolution equations

As in the previous paper [28], Theorems 2.1.9 and 2.1.10 will be proven by
applying the following abstract theorem. The theorem is the consequence of
Theorem 5.2, Remarks 5.3 and 5.4 of Kato’s seminal paper [9].

Theorem 2.2.1. Let X and Y be a pair of Hilbert spaces such that Y C X
continuously and densely. Let {A(t),t € 1}, I being an interval, be a family
of closed operators in X with dense domain D(A(t)) such that Y C D(A(t))
for everyt € I and I 5t — A(t) € B(Y,X) is norm continuous. Suppose
that following conditions are satisfied:
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(1) For every t € I, there exist inner products (-,-)x, and (-,-)y, of X and
Y respectively which define norms equivalent to the original ones and
which satisfy, for a constant ¢ > 0,

v S ulla /llulla, < e w# 0. (227)

[l /[l

(2) If we let X, and Y, be Hilbert spaces X and Y with these inner prod-
ucts, A(t) is selfadjoint in X; and the part A(t) of A(t) in Y, is also
selfadjoint in Y.

Then, there uniquely exists a strongly continuous family of bounded operators
{U(t,s): t,s € I} in X that satisfies

(a) U(t,r) =U(t,s)U(s,r), U(s,s) =1 for every t,s and r € I.

(b) U(t,s) € B(Y); for o € Y, U(t, s)p is continuous with respect to (t,s)
in'Y, of class C' in X and it satisfies

U(t,s)p = —tAU(t,s)p, OU(t,s)p =1iU(t,s)A(s)p. (2.28)

2.2.2 Iwatsuka’s Identity

In [7], Iwatsuka has found an ingenious formula which rewrites Schrédinger
operator H = —V%+V in the form of elliptic operators in which the magnetic
field Bj, = 0;Ar — 0y A, appears explicitly, which he has used for proving
Theorem 2.1.3. We recall it here as we shall use it several times for deriving
various estimates. For the proof of following lemmas we refer to Iwatsuka’s
paper [7], formula (2.12) and proofs of Theorem 1.1 and Theorem 2.1 therein.
We denote b - a = ‘ba for a vector b and a matrix a.

Lemma 2.2.2. Let G(x) = {Gj} be Hermitian matriz valued function and
Gjr = aji + 1Bk, for real valued o, = oy and B, = =B, J,k=1,...,d;
F(x) = {F;} be complex vector field such that with real A and complex b
F(x) = A(z) + b(x) (2.29)
and B(x) = {Bjx}, Bjx = 0jAr—0xA;. Then, we have the following identity:

—Vf -GVprp=-V4-aV4+ Z{2§R(E . G) — (V . ﬁ)}VA
— ) BikBjx +iV - (Gb) +b-Gb.  (2.30)

j<k
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In particular, if o, = 05, Kronecker’s delta and
ij = 5jk: + i,@jk and b= %V : B (2.31)

for a real valued skew-symmetric matriz {B;x}, then

—V2 = —Vf . GVF + Z 6jkBjk + R7 (2'32)
i<k
=13 By, + 102, (2.33)
7.k

Real skew-symmetric £ in (2.31) is completely arbitrary for identity (2.32)
and Iwatsuka’s choice in [7] is as follows: Take y € C*(]0,00)) such that
x(ry=1for 0<r<1/2, x(r)=r"'forr>1 and

0<rx(r)<lforallr>0

and define
B(x) = x(|B(z)|)B(z). (2.34)
In what follows, B(x) always denotes the function defined by (2.34) and b(x)

and R(x) are respectively defined by (2.31) and (2.33) by using this B(z). We
write

0B|= > [0"By| and [0°Bl= Y |0°Bl.

la|=1,5<k |a|=2,5<k

Lemma 2.2.3. Suppose A(x) and B(x) satisfy (2.15). Then:

2)| <1, > BB = x(IB|)|BI > |B| -1, (2.35)
i<k

028 < Cl) ol =1,2; |b] < C), |R|<C(z) (2.36)

For real skew-symmetric 3 = (j3;;), we have (Proposition 4.1 of [7]) that

BI<iB< 1B, 1A= () 2.57)

j<k

in the sense of quadratic forms on C¢. In what follows we shall use identity
(2.32) by modifying B(x) of (2.34) in various ways.
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2.3 Selfadjointness

We prove Theorems 2.1.7 and 2.1.8 in this section. We take and fix ¢ €
C5°(R?) such that 0 < ¢(x) <1 for all z € RY,

o(x) =1 for x| <1 and ¢(x) =0 for |z| > 2. (2.38)
We set ¢, (z) = ¢(xz/n) for n =1,2,... and define for 0 < 6 <1
o) = 000 () B(2). (2.39)
The following lemma is obvious by virtue of (2.37).

Lemma 2.3.1. If we change 5 by Bne(x), then (2.32) remains to hold with
G, b and R being replaced by corresponding G, bng, Rne. Matriz G,
satisfies

Gno(z) =1+i0p,(z)B(x) >1 -0, z€R% (2.40)
and b, g and R, satisfy corresponding estimates in (2.36) uniformly with

respect to 0 and n.

Proof of Theorem 2.1.7 The following is a modification of Kato’s argu-
ment ([13]). It suffices to show that the image of L + i, R(L £ ), is dense
in H. Thus we suppose that f € H satisfies f L R(L £ i) and show f =0
then. We prove the + case only. The proof for the other case is similar.

We first assume V5 = 0. Define, forn = 1,2,..., Vo (2) = xB,,.(0)(2)V (),
where By, (0) = {z € R?: |2| < 2n} and yp is the characteristic function of
the set F', and

L,=-V4+V,, D(L,) =C&[RY.

Since V,(z) is bounded from below, L, is essentially selfadjoint by virtue of
Theorem 2.1.2. Tt follows that there exists u,, € C§°(R?) such that

[(Ln +d)un — fl <1/n, n=12,.... (2.41)
Then, [[(Ly, + i)u,| < ||f]| +1/n and
[un|l < |(Ln + dunll < C, NLnun|l < £+ llunll +1/n < C. - (2.42)
Let ¢, (x) be as above. Then, ¢, (2)V,(z) = p,(z)V(x) and
On(x)(Ly, + )uy = (L + ) pntn + 2(Vpn)Vau, + (Ap,) .
It follows from (2.41) that

117 = it (o f. (Lt ) = lim (F. 00 (Lo + )
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= lim {(f, (L + 0)pntn) + 2(f, (Ven)Vaun) + (f, (Apn)un)}. (2.43)

n—oo

The first term on the right vanishes by the assumption and the third satisfies

[(f, (Apn)un)| < n 2| Aplloo [l fllunll = 0 (n = o0).

For estimating ||V su,||, we use Iwatsuka’s identity (2.32) with [s, ¢ defined
by (2.39) with 2n replacing n, which produces

Ly =~Vi+Ve=-V5 G0V, , + Wong, (2.44)
Fono=A+bag, Wong=V,+ Z Bon.0,ikBjk + Ronp- (2.45)

Here Wy, ¢ satisfies, with a constant C' independent of n, that

Wano(z) > —Cn?, n=1,2..., zecR%. (2.46)
Indeed, for |z| < 2n, we have @9,(x) =1 and (2.16), (2.35) and (2.36) imply

Wang =V 40> BiBjr(z) + 0°R
>V +0(B] - 1)+ R > —C(z)* > —Cn?
for 2n < |z| < 4n, we have V,(z) = 0 and
Won.o = Opan(z) ZﬁjkBjk(:U) + Rong(x) > Rapp(x) > —Cn?;

and, for |x| > 4n, Wy, o(x) = 0. It follows by virtue of (2.40) and (2.44) that

(1 - e)Hszn,eunHQ < (GQnﬁvFM,oun’ VFQn,euﬂ)
= ((Ln — Wang)tn, ) < (Lptin, u,) + Cn?|Ju,||* < Cn®. (2.47)

Since |ban g(z)] < Cn by (2.36), we then have
IV aun]l < (Ve gtnll + [b2notnll < IV, gunll + Cnllun|| < Cn - (2.48)

and ||(Ven)Vau,l < n I Vo|leol|Vau,| < C. Tt follows, since Vi, = 0 for
|z| < mn, that
‘(f? (V(:On)vAun)’ < O”fHL2(\x|Zn) —0
as n — o0o. Thus, the right of (2.43) vanishes and f = 0 and L is essentially
selfadjoint on Cg°(R?).
If Vo # 0, we repeat the argument above, setting V), = xzj<2,V1 + V5.
Since V5 is of Stummel class, L, with this V,, is essentially selfadjoint on
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C5°(R?) by virtue of Theorem 2.1.2 and it suffices to show (f, (V,)Vau,) —
0 as n — oo for u, € C°(R?) of (2.41). We use identity (2.44) and obtain

(L= OV g tialI* < (Lt wn) = (Vo un) + Cnlun .
as in (2.47). This with (2.42) implies as in (2.48) that
IV aun|* < C(0* + | (Vaun, un ).
Since V5 is —A-form bounded with bound 0, we have, for any € > 0,
|([Valu, w)] < e VIul|* + Cellull* < el|Vaull® + Cellull®,  w e G (RY).

It follows that ||V au,| < Cn and lim,, o (f, (V) Vau,) = 0 as previously.
Thus, L is essentially selfadjoint when V5 # 0 as well. The closure of L is
given by H = L* and it is standard that D(L*) = {u € H: —V3u+Vu € L?}
and this completes the proof. O

Proof of Theorem 2.1.8 We let 8 and V; be as in the theorem. Define
G90:1+i006, FQO:A—I—Qob fOI'QS@()Sl

by replacing 5 and b by 6y and 6yb in (2.31) and (2.29) respectively. We
have

~VA+Vi = —V5-Go Vi, +Way, Wy = Vit Y BiuBj+00°R. (2.49)

We take the constant C; > 10 large enough in the definition (2.17) of V; so
that |R(z)| < 1072C,(z)* and

Wy > Vi +0(|1B] — 1) + 6*°R > Cy(a)* — 1 — |R| > 2Cy(x)* + 2|R|. (2.50)

We show that, for < 0, < 1, there exist a fy-dependent constant Cp, > 0
and a fp-independent C' > 0 such that

Coo(IB(2)| +Va(@)]) + GHx)* < W, (2) < (IB(2)|+|Va(2)|+Ca)?). (2.51)

Indeed, the second inequality is obvious from (2.36). The first is also evident
if Vi > 0, since then V; + 60| B| > Cy(z)? and

- - 1~
Way > Vi+00(1B] = 1) + 05R > S([Vi| + 6ol B| + Ci(z)”).
To see the first for the case V;(x) < 0, we first estimate
Way = Wo+ (60— 0) > _ BBy + (65 — 0°)R
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> 201 ()" + (60— 0)(|1B] = 1) — [R| > $C1(2)" + (6p — 0)|B|

wirN

which holds irrespectively of the sign of V;. If Vi(z) < 0 we also have

Wo, = %OWG + (%2 -1) Vil + 60(00 — O)R
> B(3C1n)" +2IR)) + (% — 1) Vil = [B| > 3Ci(2)" + (% — 1) [Val.

Adding both sides of last two estimates and dividing by 2, we obtain the first
inequality of (2.51) for the case Vi(z) < 0.
We define the quadratic form g (u,v) for u,v € C5°(R?) by

@ (u,v) = (Vau, V40) + (Viu,v). (2.52)
We have by virtue of Iwatsuka’s identity (2.49) for 6, replacing 6 that
q1(u,v) = (Goy Vi u, Vi v) + (Wayu, v). (2.53)
Estimates 1 — 0y < Gy, < 1+ 6y and (2.51) imply for a constant C' > 1 that
(1= 00) IV, ull® < (Goy Vi u, Vi, u) < (1+65)|[ Vi, ull?,
CTIBI + Vil + @))2ull* < (Woyu,u) < CIN(B| + Vi + (@)*)2ul

It follows that quadratic forms (G, Vr, u, VE, v) and (Wy,u,v) on C5°(R?)
are both closable and positive definite and their closures have respective
domains {u: Vg, u € L?} and {u: (|B| + \Vi| + (2)?)2u € L2}. Thus, ¢ is
closable, the closure [¢;] has domain

D(lq)) = {u € L*: Vi, ue L? (|B]+ Vi + (x)")7ue L?}  (2.54)
—{ue L’ VaueL? (Bl +[Vi] + (x)*)2u € L2} (2.55)

and [¢1](u) is given again by (2.52). Moreover, by making C; larger if neces-
sary, we have from the first inequality of (2.51) and that |by,| < C(z) that

(0)(u) = (1= 00) [V aul + C| (1B + [Vl + (@)*)2ull,  w e D({ai]). (2.56)

We have qo(u, v) = ¢1(u, v)+(Vou,v). Since V; is of Kato-class, V5 is —A-form
bounded with bound 0 and we have, for any € > 0,

(IValu, w) < & Vaul® + Ccllul? (2.57)

as in the proof of Theorem 2.1.7. Hence the form (|V3|u,u) is [¢1]-bounded
with bound 0 and statements (1) and (2) of the theorem follow.
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We prove statement (3). We write V = Vi + V4. Let u € D(Hy). Then,
u € D(q]) and (z)u, |Vi|2u, |Va|2u € H and Vu € H. Hence, Vu € LL_
and V%u is well defined as distributions. It follows for any v € C§°(R?) that

(Hou, v) = [q0](u, v) = (V.au, Vav) + (Vu,v) = (=Viu + Vu,v).

Hence —VZu + Vu € L? and Hyu = —Viu+ Vu. Suppose on the contrary
that u € D([qo]) satisfies —V%u+ Vu € L% Then, for any v € C§°(R?),

(=V24u + Vu,v) = [qo](u,v) = (GoyV iy, s Vi, v) + (W, + Va)u,v)

and this extends to all v € D([qo]) by virtue of the argument in the first part.
Thus, u € D(Hy) and Hyu = —V4u + Vu. This completes the proof. O
The following is a corollary of the proof of Theorem 2.1.8.

Corollary 2.3.2. Let conditions of Theorem 2.1.8 be satisfied. Let Cy be
sufficiently large. Then, for a constant C' > 0, we have

IV aull® + [ (1B] + [Vl + (2)*)2ul]” < Claol(w), v € D(lgo])  (2.58)

2.4 Diamagnetic inequality

In this section we assume that A and V satisfy the following conditions:
(1) A(z) € C3(R?%) and B(z) satisfies estimates (2.15).

(2) V=V, + Vo with V; € L . and V5 of Kato class.

loc

(3) There exists constants 0 < § < 1, C, > 1 and Q € M(R?) such that

0| B(x)| + Vi(z) + Cul2)” > Q(x)*. (2.59)

We then define go(u) and g (u) respectively by (2.18) and (2.52) with Vi (z) =
Vi(z) + (C, + C1)(z)* with sufficiently large constant Cy such that results in
the previous section are satisfied. We let Hy and H; be selfadjoint operators
defined by [go] and [¢;] respectively.

Lemma 2.4.1. Let § < 6y < 1. There exists Cy, > 0 such that for C; > Cp,,
we have the following estimate:

(1= 00)IVry, ull* + 1Q%ul?
+2(60 = 0)[|QIBI2ul® + Cull(@)Qul* < | Hyul’, w € D(H,). (2.60)
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Proof. We use the notation of the proof of Theorem 2.1.8. We have as in
there .
Way > Q(2)* + (0 — 0)| B(x)| + 3C1 (z)* (2.61)

Let w € D(Hy). Then, Vi, s Vau, W;O/Qu and Qu all belong to L*(R?) by
virtue of (2.61) and, for v € C5°(R%), we have

(GGOQVFGOU’ QvFeo v) = _(VEGGOVF%U? Q2U) - <G90vF90u7 V<Q2)U)
= (Hyu, Q*v) — (Wayu, Q*v) — (GooV Fy, s V(Q*)v). (2.62)
Using ¢, (z) of the proof of Theorem 2.1.7 and Friedrich’s mollifier j., we de-
fine v.,, = jo* (P2u) for 0 <e < landn =1,2,.... Then, v., € C(RY), is

supported by the ball By,4+1y(0) and v, ,, — ¢Zu in the Sobolev space H(R?)
as € — 0. We replace v in (2.62) by v, ,,, rewrite the left hand side of the re-

sulting equation as (Gg, 0nQV ry U, P QV F, 1) +2(n G, @V, u, Q(Vion)u)
and arrange it as follows:
(Ggo(anvFgOu) (anvFgou) + (Weouv QQQOELU) = (H1u7 QQSOZU)
— 2(nGo,QV 5y 1, Q(V o) u) — (GoyQV gy u, Q' V(Q*) i)  (2.63)

By virtue of (2.61) the left hand side may be bounded from below by

(1= 00)|nQV £y, ull” + ln@ul> + (80 — 0) |22 QI BI2 > + 25 [ipn () Qu*
(2.64)
The right hand side of (2.63) may be bounded from above by

lonHiulll0n@ull + 407 Ve |locll0nQ@V ry ull | Qul
+ 4 enQV ry ull[[n(VQ)ul|.  (2.65)

Here we have |¢,(VQ)ul| < Collpn(z)Qul| since @ € M(R?), and we further
estimate (2.65) from above by

sllonHiull® + 3 len@ull” + 207 [V oo (lonQV 1y ull* + |Qulf?)
_ 8C?2
+ 352l 0n @V gy ul® + 1= [ 0n () Qull*. (2.66)

Combining (2.64) and (2.66), we conclude that

_ 1
(15 — 22k 16, @V, ulP® + HllpnQul + (B — )00 @ Blul?

8C2
+ (% - 22 llenl@)Qul < SIH I + 2 Vel Qul
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We choose C'; > 0 larger if necessary so that

2
o > SCQ

6 — 1-6g

and let n — oo. Then the monotone convergence implies that Q%*u, QV Fiy U
Q|B|zu and, a fortiori (x)Qu all belong to L2(R%) and we obtain (2.60). O

Since Fy, = A+ 6yb and |b| < C(z), we have
(1= 0)QVaul* < 2(1 = 00) [QVr,, ull* + 2C%(1 — 00) 65| (2) Qul|*.
Thus, assuming 202 < O}, we obtain the following Corollary.
Corollary 2.4.2. For0 < 6y < 1, there exists Cy, > 0 such that for Cy; > Cp,
(1= 00)1QV aul* + [[Q*ul®
+2(0 — O)|QIBI>ull” + Cul|(x)Qu|l” < 2| Hyul’, € D(Hy). (2.67)

Write a; = max(0, +a) and define non-negative quadratic form:
1
qui (u) = [ Vaull® + [[Vi3ull®,  D(qy) = C5°(RY).

Theorem 2.1.8 implies that ¢+ is closable and we denote by H;, = —V?4+‘71+
the selfadjoint operator defined by [g14].

Lemma 2.4.3. For any 0 < 0y < 1, there exists Cy, such that, for C; > Cl,
we have

IViull < (0/60)[|Hysull, we D(Hy). (2.68)
It follows, particular, that D(Hy) = D(H;,).

Proof. Let 6 < 6y < 1. Since Vi1 (z) > 0, we obviously have
00| B(z)| + Vi () + Culz)? > 6p(1 + | B> + 2*)Y/?
1
and assumption (2.15) implies Qo(z) = 63 (1+ |B|? +2*)1/* € M(R?). Then,
take 0, such that 8y < 6; < 1 and repeat the argument of the proof of Lemma

2.4.1 using Hyy, 0y, 01 and )y in place of Hy, 0, 6y and @) respectively. We
obtain from (2.60) that, for C; > Cy,,

Q8 (x)ull < | Hisull,  w € D(Hu). (2.69)

Since Vi_ < 6|B(z)| by virtue of (2.59) and 6|B(z)| < (8/60)Q3(z), (2.69)

implies the lemma. O
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Theorem 2.4.4. There exist uniformly bounded operators B, € B(H) for
a > 0 such that, for every u € L*(R?), we have

\(Hy + a®) tu(x)] < (Hiy + a®) 7 Bau|(z) < (A 4 a®) " Baul(z). (2.70)
Proof. Lemma 2.4.3 implies that, for any 6 < 6, < 1, provided that C; > Cp,,
IVie(Hys +a®) " tul| < (0/6)|ull, we L?

for any a > 0. It follows that
(Hi+d*) ' = (H4 +a®)'B,, B,=1-Vi_(H+a)™Ht (271)

and || By|| < (1 —(0/6y))~t. We then apply the diamagnetic inequality (pp.
9-10 of [5]) to Hy; + a®. The lemma follows. O

Corollary 2.4.5. Provided that Cy is large enough, we have
I(=A+1)"2Qul| < C||Hiull, we D(H,). (2.72)

Proof. Corollary 2.4.2 implies Qu € L? and V4(Qu) = QV 4qu+(VQ)u € L2
It follows, since |V|u|| < |V aul, that Qlu| € H' and

I(=A+1)2Qul* = | QuIP+ I VIQull* < |Qul*+[IVa(Qu)|* < Ol Hyul]”

Estimate (2.72) follows. O

2.5 Proof of Theorem 2.1.9

In this and next sections we prove Theorems 2.1.9 and 2.1.10 respectively.
Before starting the proof, we briefly discuss the gauge transform which will
play an important role in what follows. We define the gauge transform by

o(t,x) = Gt)yu(t,x) = e OO u(t,2), F(t) = /t(C(S) +Ch)ds (2.73)

by using a strongly continuous family of unitary operators G(t), where C; > 0
a large constant. Then, u(t, z) satisfies (2.1) if and only if v(¢, x) does

10 = (—V%(t)v +V(t,z)), (2.74)
Alt,z) = A(t,x) —2F )z, V(t,x) = V(t,z)+ (C{t) +C){x)>  (2.75)

65



66

and, provided a dense subspace X satisfies G(t)X = X, {U(t,s): t,s € R} is
a unitary propagator for (2.1) on ¥ if and only if so is

Ult,s) = G(t)U(t, s)G(s) ™" (2.76)

for (2.74) on X. If V; satisfies (2.16), Vi(t,z) = Vi(t,z) + (C(t) + Cy)(z)?
does

|B(t, )| + Vi(t,z) > Q(z)* + Cy(x)>. (2.77)

We assume in what follows that C7; > 0 is taken sufficiently large so that,
with this fﬁ(t,x), Theorems 2.1.7 and 2.1.8 as well as Lemma 2.4.1 and
Theorem 2.4.4 are satisfied uniformly with respect to t € I. In the proof, we
shall first construct propagator U(t, s) for equation (2.74), define U(t,s) by
(2.76) and check that it satisfies the properties of Theorem 2.1.9 or Theorem
2.1.10.

We now begin the proof of Theorem 2.1.9. We consider five operators

L(t) = =V + V(t), Lo(t) = =V, + V(t), Li(t) = —Vi + Vi(t),
Lo(t) = =V, +V({t), Li(t)=-V%, +Vi(1).

These operators are all essentially selfajoint on C5°(R?) and we denote their
selfadjoit extensions by H(t), Ho(t), Hy(t), Ho(t) and Hy(t), respectively.

Since Va(t, x) is of Stummel class uniformly with respect to ¢ € I, Theo-
rem 2.4.4 implies that, for any ¢ > 0, there exists ag such that

IVa(&)(Hi(t) +a®) Ml < [Va(t)(=A+a*)laollBallsoy <e, a> ao.
It follows by Kato-Rellich theorem that
Ho(t) = Hi(t) + Va(t),  D(Ho(t)) = D(H(t)). (2.78)
Moreover, by choosing C; large enough we may assume by virtue of (2.60),
lull < | E (@)l Va)Hi(6) ) <1/2, el
Then, we have for a constant C
Co 'HHy (t)ul| < [|Ho(t)u]| < CollHi(t)ull, te 1. (2.79)

Since A and A produce the same magnetic field and |A— A] < C(x), (2.78)
holds with Hy(t) and H;(t) in place of Hy(t) and H;(t) respectively and we
likewise have

Co I Hi(t)ull < |[Ho(t)ul| < Col Ha(t)ull. (2.80)
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Lemma 2.5.1. (1) Domains of Hy(t), Hy(t), Ho(t) and Hy(t) satisfy
D(Ho(t)) = D(Hy(t)) = D(Hy(t)) = D(H(t)) = D C D(H(t))
for allt € I and D 1is independent of t € I.

(2) There exists a constant ¢ > 0 such that

[Ho(t)ull < e Ho(s)ull, s €1, (2.81)
I(Ho(t) — Ho(s))ul| < c|t — s[|[Ho(s)ul|, t,s €I (2.82)

The same holds for Hy(t) replacing Hy(t).
(3) The gauge transform G(t) = e"FO®” sqtisfies G(t)D = D and
G(t)Ho(t) = Ho(t)G(t), G(t)Hy(t) = Hi(t)G(t). (2.83)
If o € D, t = G(t)p is D-valued continuous, H-valued C* and
aG(t)p = —i(C(t) + C1)(x) G (t).
Proof. We write C(t) for C(t)+ C} in the proof by absorbing C into C(t) for

shorting formulas. Let u € C5°(R?). Then, Hy(t)u is H-valued differentiable
almost everywhere with respect to ¢t and

Ho(t)u = 2iA(t, 2)Vamu + iV, - Alt,z)u + Ct)(2)* + V(t,z)u.  (2.84)

We write the right hand side in the form

¢

2A(t, 1)V amyu+2A(t, ) (/ A(r, x)dr) u+(iV,- A(t, 2)+C(t)(x)*)u

+V(t,z)u = I(t,s)u + L(t,s)u+ Is(t)u + Ly(t)u.
Since |A(t, z)| < CQ(x), (2.67) implies
1Lt s)ull < 2[[[ At 2) |V aul| < CIQV awyull < Cl| Ha(s)ull.

Denote by M(t,z) any of V,(A(t,z)?), A(t,z)%, V, - A(t,z) and C(t)(x)*.
Then, |M(t,z)] < CQ(x)?* and (2.67) implies |M(t)H,(s) tul| < Cy||ull
uniformly with respect to t, s € I. Thus,

12(t, s)ull + [ s()ul| < CllHy(s)ull, t,s €.
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Write V(t,z) = Wy(t,z) + Wi(t,z) + Wa(t,z) as in Theorem 2.1.9, then
[Wo)ul|| < C||Q%*u|| < C||H,(s)ul| for any t,s € I as above;

_ 1 1
Wi@)ull < 1Q Wi(t)(—=A + 1) 2|[payl(—A + 1)2Q[ull| < C|[H(s)ull
by virtue of (2.72); and Theorem 2.4.4 implies
[Wa(t)Hi(s)" ull < CIWa(t)(=A + 1) Byul|| < C|Biul| < C|lull.
Thus, ||14(t, s)u|| < C||Hi(s)u|| and combining these estimates, we obtain
1Ho(t)ul| < C|H(s)ull < Cl|Ho(s)ull, t,s € 1. (2.85)
It follows by integration that
I(Ho(t) — Ho(s))ull < clt — sl Ho(s)ull, u € C3°(RY). (2.86)
Since C$°(RY) is a core of Hy(s), (2.86) extends to u € D(Hy(s)). It follows
that D(Hy(s)) C D(Hy(t)) and by symmetry D(Hy(s)) = D(Hy(t)) for any
t,s € I and, consequently, (2.82) for Hy(t) is satisfied. (2.82) clearly implies
(2.81). Changing A(t) by A(t) will not change B(t,r) and the argument
above yields the same results for Hy(t) and H;(t). This proves statement
(2).
Let u € D(Hy(t)). Then, (z)*u € H by virtue of (2.67) and
H(t)yu = Hy(t)u — C(t)(x)*u € H. (2.87)
Since D(H(t)) = {u € H: H(t)u € L*}, (2.87) implies u € D(H(t)) and
D(H,(t)) € D(H(1)). )
We next prove D(H;(t)) = D(Hi(t)), which will then prove statement
(1). Define for 6 € [0, 1]
H1<t7 6) = _Vi&(t,e) + ‘71(t7 .Z'), A(ta 67 l‘) = A<t7 .’K) - 26F(t)x>
so that Hy(t,0) = Hy(t) and H,(t,1) = Hy(t). Since A(t,0,z) and A(t,z)
generate the same magnetic field B(t,z) and |20F (t)z| < C(z), results of
previous sections apply to Hi(t,0). We have
o Hi(t,0)u = —idF (t)xV apyu + 80F (t)*x*u — 2di F(t)u
and (2.67) implies ||OgH1(t, 0)u|| < C||Hi(t)u|| for 0 < 6 < 1. Thus,
I(H:(t,0) = Hi(t, 0))ull < Cl0 = ol Hy(t, o)ull, we CF(RY),
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and we obtain the desired result D(Hy(t)) = D(H,(t)) as previously.

It is clear that G(¢) is an isomorphism of C$°(RY) and G(t)Hy(t)p =
Ho(t)G(t)p for ¢ € C°(R?). Since C°(RY) is a core of Hy(t), it follows
that G(t)D(Hy(t)) € D(Hy(t)). This clearly holds for G(—t) = G(t)~" as
well and we obtain G(t)D = D and G(t)Hy(t) = Hy(t)G(t). This argument
likewise applies to the pair Hy(t) and H,(t) and we obtain (2.83). The last
statement is obvious since D C D((z)®). This completes the proof. O

Proof of Theorem 2.1.9. Lemma 2.5.1 yields statement (a) of the theorem.
It also implies that graph norms of any two of {Hy(t), Ho(s): t,s € I} are
equivalent to each other. We equip D with the graph norm of Hy(ty) as
in the theorem. Then, it is obvious that D C H continuously and densely,
D = D(Hy(t)) for every t € I and that I 3 t — Hy(t) € B(D,H) is norm
continuous by virtue of (2.82) for Hy(t). We wish to apply Theorem 2.2.1
to the triplet (X, ), A(t)) by setting X = H, Y = D and A(t) = Hy(t). For
this we need check conditions (1) and (2) of Theorem 2.2.1 are satisfied.

For t € I, we define ), = D but with the graph norm of Hy(t) and
X; = H. Then, the norm of ), is equivalent to that of D and (2.81) for
Hy(t) implies condition (2.27). It follows from Theorem 2.1.2 that Ho(t)
is selfadjoint in X, = H. Hence the part of Hy(t) in V(= D(Hy(t))) is
automatically selfadjoint with domain D(Hy(t)?). Thus, the conditions are
satisfied.

It follows that there uniquely exists a family of operators {U (t,s): s,t €
I'} which satisfies properties of Theorem 2.2.1 for (H,D, Hy(t)). Moreover,
U(t,s) is a unitary operator of H. Indeed, if we set u(t) = Ult, s)p for
@ €Y, i0|lu(t)|]” = (Ho(t)u(t),u(t)) — (u(t), Ho(t)u(t)) = 0 since Ho(t) is
selfadjoint. Hence U(t, s) is an isometry of H and, since U(t,s)D = D, it is
unitary. We define

Ult,s) = Gt)"U(t,s)G(s).

Then, U(t,s) is a strongly continuous family of unitary operators on H;

Lemma 2.5.1 (3) implies that U(t, s) € B(D); if ¢ € D, U(t, s)p is D-valued
continuous, H-valued C! and that U(t, s)¢ satisfies the first of Eqns. (2.10):

iU (t,s)p = G(t)"H(=C(t)(z)* + Ho(t))U(t,s)G(s)p = H(t)U(t, s)e.

We may similarly prove that U(t, s)¢ satisfies the other of (2.10).
For proving the uniqueness of U(t, s) we have only to notice the following:
If U(t, s) satisfies properties of the theorem, then U(t, s) = G(t)U(t, s)G(s) ™"
does those for Hy(t) and such U(t, s) is unique by virtue of Theorem 2.2.1.
When ¢ € D, (2.10) shows that u(t,z) = U(t, s)p(z) satisfies (2.1) in the
sense of distributions. Then, the standard approximation argument shows
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that the same holds for ¢ € H as well and U(¢, s) is unitary propagator on
H for (2.1). We omit the details. The proof is completed. O

2.6 Proof of Theorem 2.1.10

For the constant ¢ in (2.24) we take and fix 6, such that 6 < 6, < 1 and take
the constant C'; > 0 large enough so that results of Sections 2.3 and 2.4 are
satisfied, uniformly with respect to t € I, for ¢o(t) of (2.26) and

Uil (t)(u7 U) = (VA(t)u7 VA(t)v) + (‘N/l(t)u7 U)? u,v € Ogo(Rd)’

in place of gy and ¢; respectively. In addition to qo(t) and ¢;(¢), we define
p qo q p Yy do q )

Go(t)(u,v) = (V3yu, V z40) + (Vu,v), u,v€ CP(RY), (2.88)

Q) (u,v) = (Vipu, Vi) + (Viuv), w0 € Ce°(RY), (2.89)

where A(t,z) = A(t,x) — 2F(t)x. Since A(t,z) and A(t,z) generate same
magnetic field and they differ only by 2F(¢)z, results of Sections 2.3 and 2.4
likewise apply to Go(t) and §;(¢) uniformly for ¢ € I. In particular, since V5
is of Kato class uniformly with respect to t € I, ¢(¢) is uniformly positive
definite and

Clq(t)(u) < Qo(t)(u) < Ca(t)(u), ue CF(RY) (2.90)

for a t-independent constant C' > 0. Thus, D([q(t)]) = D([q1(t)]) and

D([Go()]) = D([G1(t)]). We denote by Ho(t), Hy(t), Ho(t) and H,(t) selfad-
joint operators defined respectively by [qo(t)], [¢1(?)], [do(t)] and [¢i(t)]. As
in the previous section, we write C(t) for C(t) + C; absorbing C into C(t).

Lemma 2.6.1. (1) Domains of [qo(t)], [q1(t)], [Go(t)] and [¢:(t)] satisfy

D([go(®)]) = D(lqr(8)]) = D([q(2)]) = [0 (t)] =Y C D(Lé)
and are independent of t € I.

(2) There exists a constant ¢ > 0 such that
[Qo()](w) < et go(s)](w),  wed, tsel (2.91)

(3) The gauge transform G(t) maps Y onto Y and
[GoM](G()u) = [90(D)](w), [QONG(H)u) = [ ()](u), uwe . (2.92)
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Proof. By virtue of (2.61) corresponding to A(t,z) and V (t,z), we have
1Qull* + IV zpyull* < Co(t)(w), we CF(RY), tel. (2.93)
Hence, H[l(t)u”2 < Cl|Qul* < Cgo(s)(u) for any ¢, s € I and by integration
I(A() = A(s))ull < CJt = sldo(s) (). (2.94)

Likewise, using, in addition to (2.93), assumption (2.25) and obvious identity
[V (r)[*2ul| = [[|V (r)["?[u]||, we obtain that

IV () [2ul? < CUV ull? + [1Qul)?) < CUIV agull® + [Qull?) < Caols)(w).
Applying this to V(t,z) — V(s,z) = [ ‘L/(r, x)dr, we have

(V1) = V(s)u,0)| < Clt = sldo(s)()2do(s)(v) (2.95)
Write Go(t)(u, v) — Go(s)(u,v) for u,v € C°(R?) in the form

(Vs i(A(s) = At)v) + (i(Als) = A(t)u, V jv)
+ ((A(t) = A(s))u, (A(t) = A(s))v) + (V(E) = V(5))u, v).

(
We estimate each term separately by using (2.93), (2.94) and (2.95). We
obtain for |t — s| < 1 that

o (£) (1, v) = Gio(s) (, 0)] < Ct = sldio(s) () 2Go(s) (v) 2. (2.96)

It follows that D([Go(t)]) = D([Go(s)]) as in the proof of Lemma 2.5.1, all
estimate above extend to u,v in D([Go(t)]) = D([go(s)]) and

[do(®)](w) < (1 +CJt — s])[do(s)](w) < e“*I[go(s)](w). (2.97)

Argument above applies to go(t) as well and we have (2.93) for u € D([qo(t)]);
D([q0(t)]) = D([qo(s)]) for t,s € I; and estimate (2.97) holds for [g(t)] and
[q0(s)]. Moreover, we have D([q1(t)]) = D([¢1(t)]) by virtue of characteriza-

tion formula (2.19) of domains of the forms. Since ||Léu||2 < C([|Qu|* +
1

IV s@yull?) for u € Cg°(R?), we also have D([qo(t)]) C D(Lg) from (2.93).
Statements (1) and (2) follow.

Both ||V 3, G()ull = [|[Vagul and (V()G(t)u, G(t)u) = (V()u,u) are
obvious for u € C$°(R?). Since the latter space is a core of the forms [qo(t)]
and [Go(t)], we see that D([¢o(t)]) = G(t)D([qo(t)]), G(t) maps Y onto Y,
and that [Go(¢t)](G(t)u) = [qo(t)](u) for u € Y. The corresponding relation
for [¢1(t)] and [¢1(¢)] may be proved similarly. O
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Before proceeding to the proof Theorem 2.1.10, we recall the following
general fact: If H is a positive selfadjoint operator in a Hilbert space H,
H, C H C H_y is the scale of Hilbert spaces associated with H, viz. H, =
D(HY?) and H_; = H; with H* being identified with H, then:

(i) H_; is the completion of H by the norm || H~/2ul|.

(ii) H has a natural extension H_ to H_; and H_ is selfadjoint in H_;
with domain D(H'Y?).

(iii) The part H, of H_ in H; is again selfadjoint with domain D(H?/?).

These should be obvious if, by using spectral representation theorem, we
represent H as a multiplication operator by a positive function on L?(M, du),
(M, dpu) being a suitable measure space.

Proof of Theorem 2.1.10. We equip Y with the inner product go(u,v) and
let X be its dual space as in the theorem. It is obvious that ) C X densely
and continuously. Lemma 2.6.1 yields statement (a) except for the fact that
H(t) € B(), X) and it is norm continuous. To prove the latter fact, we first
show that the multiplication by (x)? is bounded from Y to X by using (2.93)

for qo(t):

l@)ule = suwp  |(@%w,0) <C sup  [Qul|Qu]
ved,|lvlly=1 ved|[vlly=1
<C_sw (ol ()l = Clluly- (298)

Then, we estimate for u,v € Cg°(R?) via (2.92) for [qo(t)] as follows:
[(H(t)u, 0)| < Jao(t) (u, 0)| + [(C () (@) u, v)| < C(20l (@) [[ully[lolly-

and || H (t)ul|x < C|lul|y. This extends to u € Y since C§°(R?) is dense in V.
Thus, H(t) € B(),X'). We have

((H(t) — H(s)yu,v) = ((Ho(t) — Ho(s))u, v) — ((C(t) = C(s))(z) u, )
= ((q0(t) = qo(s))u,v) — ((C(t) = Cs)(x) u,0), w0 € .

Thus, (2.96) for go(t) and (2.98) imply ||H(t) — H(s)|lBy.x) < C(]t — s| +
|C(t) — C(s)]) and statement (a) follows.

We define )} to be Y with new inner product (u,v)y, = [Go(t)](u,v) and
X, to be the dual space of ), with respect to the inner product of H. Then,
X, C H C ), is the scale of Hilbert space associated with positive selfadjoint
operator Hy(t). Then, by virtue of the property (i), &; is independent of
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t as a set and is equal to X since ), = )Y is independent of t as a set
with equivalent Hilbert space structures. Properties (ii) and (iii) produce
selfadjoint operators Ho(t)_ and Hy(t)y in X, and )} respectively. It is
evident that Hy(t)_ is a closed operator in X (with respect to the original
norm) and Hy(t), is its part in ). We now want to apply Theorem 2.2.1 to
triplet (X, Y, Hy(t)_).

We check conditions of Theorem 2.2.1 for (X,Y, Ho(t)_). Norm ||uy,
is equivalent with the original one of ) by virtue of the closed graph theo-
rem. Estimate (2.91) implies that {||u||y,: t € I} satisfies condition (2.27) of
Theorem 2.2.1 for ); and likewise for X; by duality. From (2.96) we have

[{(Ho(t)- — Ho(s)-)u,v)| < cft — s|do(s)(w)2qo(s) ()2, (2.99)
where (-, -) on the left is the coupling between X and ). This implies that

I(Ho(t)- — Ho(s)-Jullx, < clt = s[|u

. (2.100)

and we see that I 3t — Hy(t)_ € B(), X) is norm continuous.
Thus, there uniquely exists a family of operators {U(t, s): t,s € I'} which
satisfies the properties of Theorem 2.2.1 for (X, Y, Hy(t)-). We define

Ult,s) = Gt)"U(t,s)G(s).

We know that G(t) maps Y onto Y by virtue of Lemma 2.6.1 and, (2.98)
implies that, for u € Y, I 5t — G(t)u € X is continuously differentiable.
Then, it is easy to check that U(t,s) is satisfies all properties of statement
(b) except that U(t,s) is a strongly continuous family of unitary operators
in ‘H, which we now show. Define u(t) = U(t, s)p for ¢ € Y. Then, with
(-,+) being the coupling of X and ), we have

Au(u(t), u(t)) 12 = 2R(—iH (£)u(t), u(t))
— R {—igo(t) (u(t), u(t)) + iC(1) () u(t), u(t))} = 0.

It follows that |u(t)|] = |l¢| and, since Y is dense in #H, we conclude
U(t,s)H C H and ||U(t,s)p| = ||| for all ¢ € H. Then, U(t,s) must
be unitary since U(t, s)U(s,t)p = ¢. Ilf o € Y, (t,5) — U(t,s)p € H is con-
tinuous in H. Hence U(t, s) is strongly continuous in B(H) by the unitarity.
The uniqueness of U(t,s) of Theorem 2.1.10 follows from the uniqueness
result of Theorem 2.2.1 by tracing back the argument above. O
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Chapter 3

Absence of zero resonances of
massless Dirac operators.

3.1 Introduction, assumption and theorems.

We consider the massless Dirac operator
H=oa-D+Q(zx), D=—iV,, x € R (3.1)

acting on C*-valued functions on R3. Here a@ = (v, g, v3) is the triple of

4 x 4 Dirac matrices:
0 O'j ) .
Q; = J= 17273a
J <O'j O

with the 2 x 2 zero matrix 0 and the triple of 2 x 2 Pauli matrices:

/(01 (0 —i (1 0
T=\10)27 i 0 )BT \o -1 )

and we use the vector notation that (a-D)u = Z?Zl a;j(—i0,,; )u. We assume

that Q(x) is a 4 x 4 Hermitian matrix valued function satisfying the following
assumption:

Assumption 3.1.1. There exists positive constant C and p > 1 such that,
for each component q;x(x) (j,k=1,---,4) of Q(x),

lgjn(z)] < C{z)™", z € R

where (z) = (1 + |z|?)2.
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We remark that the Dirac operator for a Dirac particle minimally coupled
to the electromagnetic field described by the potential (¢, A) is given by

a- (D — A(z)) + q(x)1y, (3.2)

where I, is the 4 x 4 identity matrix, and is a special case of (3.1.1). And, if
q(z) =0, (3.2) reduces to

0 o-(D— A(x))
a-(D—A(fL')):(U.(D—A(a:)) 0 >’

where o - (D — A(x)) is the Weyl-Dirac operator.
To state the result of the paper, we introduce some notation and terminology.F
is the Fourier transform:

1 —ix-
FIE) = s | S e

We often write f(€) = (Ff)(€) and f(&) = (F7'f)(€). L2(R®) = L*(R?,C*)

is the Hilbert space of all C*-valued square integrable functions. For s € R,
L25(R3) = L**(R3,C*) := (z)"*L*(R3? C*) is the weighted L£?(R?) space.
S'(R?) = S'(R?, C*) is the space of C*-valued tempered distributions. H*(R?) =
H*(R3,C*) is the Sobolev space of order s:

H(R?) = {f € S'(R)|f € £L*(R?)}

with the inner product (f, g)ys = Z?Zl(fj, Gj)r2s. The spaces H*(R?) and
H#(R?) are duals of each other with respect to the coupling

(f.9) = Z/R3(ffj)(£)(fgj(£))d£, feH(RY), g € H(RY).

For Hilbert spaces & and ), B(X,)) stands for the Banach space of bounded
operators from X to ), B(X) = B(X, X).

It is well known that the free Dirac operator Hy := « - D is self-adjoint in
L£2(R?) with domain D(H,) = H'(R?). Hence by the Kato-Rellich theorem,
H is also self-adjoint in £2(R?) with domain D(H) = D(H,). We denote their
self-adjoint realizations again by Hy and H respectively. In what follows, we
write Hyf also for (o~ D)f when f € S'(R?).

Definition 3.1.2. If f € L*(R3) satisfies Hf =0, we say [ is a zero mode
of H. If f € L>732(R3) satisfies Hf = 0 in the sense of distributions,
but f ¢ L2(R3), then f is said to be a zero resonance state and zero is a
resonance of it.
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The following is the main result of this paper.

Theorem 3.1.3. Let Q(x) satisfy Assumption 3.1.1. Suppose f € L>~3/2(R3)
satisfies Hf = 0 in the sense of distributions, then for any p < 1/2, we have
(x)*f € HYR®). In particular, there are no resonance for H.

Remark 3.1.4. The decay result {(x)"f € HY(R3), p < 1/2 cannot be
improved. This can be seen from the example of zero mode of the Weyl-
Dirac operator which was constructed by Loss-Yau [17]. Loss and Yau have
constructed a vector potential Apy(x) and a zero mode ¢ry(x) satisfying
o-(D— Apy(x))ory = 0, where Ary and ¢ry satisfy Ary(z) = O((z)™?),
|6y (z)| = (x)72. Define fry =4(0,¢ry) and Q(x) = —a - Ary(x), then

HfLy = (HO + Q)fLY — <U ' (D _OALy(x)) g - (D —OALY(x)) ) fLY — 07

and fry € L24(R3) for any p < 1/2. However, fry ¢ £23(R3).

We remark that Saito - Umeda [21] and Zhong - Gao [30] have proven
the following result under the same assumption |Q(x)| < C(z)™”, p > 1 (In
[21], it is assumed p > 3/2, however, arguments of [21] go through under the
assumption p > 1 as was made explicit in [30]): If f satisfies f € £>75(R?)
for some 0 < s < min{3/2,p — 1} and Hf = 0 in the sense of distributions,
then f € H'(R3). Our theorem improves over the results of [21] and [30]
by weakening the assumption f € £27%(R3) to £27%/2(R3), which is p > 1
independent, and by strengthening the result f € H!'(R?) to a sharp decay
estimate (z)*f € H'(R3), u < 1/2. We briefly explain the significance of the
theorem.

The solution of the time-dependent Dirac equation

ZE = Hu, u(0)=¢
is given by e " ¢$. Under Assumption 3.1.1, it has been proven that the
spectrum o(H) = R, the limiting absorption principle is satisfied and that
o,(H)\{0} is discrete. To make the argument simple, we assume o,(H) C
{0}. Then for ¢ € £2,(H), the absolutely continuous spectral subspace of
L% for H, e~ $ may be represented in terms of the boundary values of the
resolvent (H — A £140)~*:

. 1 .
e M p = lim — / e AN(H — X —i0)™t — (H — A +140) " }pd, t > 0,
R\ (—¢,€)

and the asymptotic behavior as ¢t — 400 of e ¢ depends on whether (1)
A = 0 is a regular point, viz, (H — (XA £ :0))~! is smooth up to A = 0, (2)
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A =0 is a resonance of it, (3) A = 0 is an eigenvalue of H or (4) A =0 is an
eigenvalue at the same time is a resonance. Thus, Theorem 3.1.3 eliminates
the possibility (2) and (4). We should recall that if m # 0, then all four cases
mentioned above appear at the threshold points +£m. It is well-known that
A = 0 is not a regular point if f+(Hy+i0)"'Qf = 0 has a non-trivial solution
f € £>77/? and this f satisfies Hf = 0. Note that, to conclude that f € H!
by using results of [21] or [30], we need assume 0 < p/2 < min{3/2,p—1} or
2 < p < 3, which is a severe restriction for this application, whereas Theorem
3.1.3 does not impose only such restriction.

The rest of the paper is devoted to the proof of Theorem 3.1.3. In section
2, we prepare some lemmas for proving the main theorem. In section 3, we
prove the main theorem 3.1.3.

3.2 Preliminaries.

In this section, we prepare some lemmas which are necessary for proving the
theorem. We use the following well-known lemma:

Theorem 3.2.1. (Nirenberg - Walker [19]) Let 1 < p < oo and let a,b € R
be such that a + b > 0. Define

1

— d
k(':(:’y) - |ZL’|a|I o y|d_(a+b)|y|b7 r,Yy € R ; X 7& Y.

Then, integral operator

(Ko)a) = [ ble.noln)dy

is bounded in LP(RY) if and only if a < d/p and b < d/q, where ¢ = p/(p—1)
is the dual exponent of p.

For f ="*(f1, f2, [3, f1), we define the integral operator A by

n =1 [ D ay

T ar |z —y/?
Since ¢ |
7 i
e ()Lt
Am I3k (@) (2m)2 |z[?

it is obvious that
o-x

FHAf)(2) = FE (F @) = (a-2) (F 1)) (3-3)
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Lemma 3.2.2. For anyt € (—3,1), A€ B(L>7'(R?), L2 71(R?)).

Proof. The multiplication by (z)* is isomorphism from £2(R?) onto £*>7*(R?).
It follows that A € B(£*>~{(R3), £>7'71(R3)) if and only if (z)~""1A(x)! €
B(L*(R?)). The integral kernel of (z)*~'A(zx)* is bounded by

1
A () e —yPy) "

Lemma 3.2.2 follows by applying Lemma 3.2.1 witha=t+1, b= —t, d =
3, p=q=2. O

Lemma 3.2.3. Let —3/2 < s < 1/2. Then for any g € L>7*(R3) and
¢ € CP(R*\{0}, C*), we have the identity;

a-x
]2

(F~H(Ag),9) = (F g,

P). (3.4)

Proof. We note that both F~'g € H*"1(R?) and F~'(Ag) € H " '(R®).
Indeed, the former is obvious by g € £>7*(R?) € £>*"}(R?) and the latter
follows since Ag € L>*71(R3) by virtue of the assumption g € £>7*(R?),
—2 < s < { and Lemma 3.2.2. Let ¢ € C5°(R*\{0},C*). Take a sequence
gn € C5°(R3,C*) such that lim,, o ||gn — g/z2-s = 0. Since A is continuous
from £>75(R3) to L2751 (R3) by virtue of Lemma 3.2.2, it follows that

<F_1<Ag)>¢> = lim <‘F_1(Agn)7¢>

n—rc0
W Eaw
= Jim (g0, 5 0)
= (F 9. T 0)
Here we used (3.3) in the second step and that %gﬁ € Co(R3\{0},C%)
in the final step. This completes the proof. [

The following is an extension of Theorem 4.1 of [21] and plays an impor-
tant role in the proof of theorem.

Lemma 3.2.4. Suppose that f € L>73/2(R3) and Hyf € L>~*(R?) for some
s€ (=2,Y). Then, f satisfies AHyf = f.

T 2032

79



80

Proof. Since f € £273/2(R3) and AH,f € L7*71(R?) C L>73/2(R?) by virtue
of Lemma 3.2.2, it follows that F~'f, F~Y(AH,f) € H~3?(R3). Thus, it
suffice to show that

(F~U(AHof),¢) = (F'f,0), for any ¢ € H**(R?). (3.5)

Since C5°(R¥\{0},C*) is dense in H*(R?) for s < d/2, we need only prove
(3.5) for ¢ € C§°(R3\{0},C*). By setting g = Hof in (3.4) and using
F Y Hof)(z) = (a-2)(F1f)(x) for f € L273/2(R3), we have

(FH(AHof), 6) = (- 0)Ff, 1)
L2
— i ke — (e
This completes the proof. n

3.3 Proof of Theorem 3.1.3

We may assume 1 < p < 3 without losing generality. We apply well-known
Agmon’s bootstrap argument. Let f € £>73/2(R%) and Hf = 0 in the
sense of distributions. Then Hof = —Qf € £272(R3) by the assump-
tion 3.1.1. Since —3 < p— 2 < 2 we have AQf € L273TP1(R3) by
virtue of Lemma 3.2.2. Then Lemma 3.2.4 implies f = AHyf = —AQf €
£2-577=1(R3). Thus we may repeat the argument several times and obtain
f e £2 2D (R3) as long as —3 4+ n(p—1)+1 < 2. Let ng be the largest
integer such that —2 +ng(p — 1) + 1 < 2 so that f € £>7 2+~ (R3) and
Qf € L2~ 2tle=D+e(R3) however —2+ng(p—1)+p > 2. Then for p < 1/2
arbitrary close to 1/2, Hof = —Qf € L***(R?). Thus, f € L**(R?) by
virtue of Lemma 3.2.2 and Lemma 3.2.4. By differentiating, we have

Ho(x)"f = —ip(o - 2)(2)"*f + ()" Ho f
= —ip(o- ) (@) f — (2)'Qf € L2(R?).

It follows that F({z)*f) € L£L>'(R?) which is equivalent to (z)*f € H'(R?).
This completes the proof of Theorem 3.1.3.
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