ON CONVEX UNIVALENT FUNCTIONS
~ABSTRACT- T.CHIBA

Let F denote the class of functions which are
regular and convex .for |zi< 1 and are normalized
by £(0)=0 and £°(0)=1, T.Basgize, J.L.Frank and
F.R.Keogh [1] showed the solution of the problem
of determing necessary and sufficient conditions
on complex numbers 9 ,p under which for all
f(z)=z+ T 2,2"€F, aAz+pa,z- is convex and

—%—z Laz+ pa "L £(z).

On the basis of those ideas we consider the
conditions of complex numbers 9 ,p under which

A z+ pa,zv is convex and
% zd Az paz<d £(z).
Theorem 3 gives the necessary conditions for A, m.

In §.3 we discuss the sufficiency of A ,p which
is described by Theorem 3. However,in general,it

is difficult to consider them for all f(z)€ F,and
né€lN,because it needs the explicit solutions of

the algebraic equations of degree n. But in Theorem 5
for each odd number n,we show a result. Furthermore,
Theorem 6 shows that if n is odd,the conditions of

% s # which we have obtaind in Theorem 3 is necessary

and sufficient with respect to the representative
convex function f(z)= _Igz_

(1] T.Basgbze, J.L.T'rank and F.R.Keogh, On convex
univelent functions, Can. J.Math.22 (1970)



ON CONVEX UNIVALENT FUNCTIONS
T.CHIBA

§.1 Introduction

Let F denote the class of functions which are regular
and convex for |z|< 1 and are normalized by

£(0)=0, £7(0)=1.

T.Basgdze, J.L.Frank and F.R.Keogh [1] showed the
solution of the problem of determing necessary and

sufficient conditions on complex numbers a,p under
which, for all f(z)= Z+ XL a,.z € F,
Az +pa, 2zt is convex and
%—zj\';\,z-\-)ualz'{ £(z) .
On the basis of thosc ideas we consider the conditions
of complex numbers 7, p under which

Az+ B a,zv is convex and
%z.{’kz +pa zt 4 £(z) .

£.2 Suppose that f(2) and g(z) are regular for |z]<1,

£(z) is univalent, and g(z) is subordinate to f(z),
that is,

§(0)=£(0)=0, g( |zIK1)C£( 1zI<1).



e shall then write

g(z) < £(2). _
For all w = f(z)e F,it is known that f{ |z|<1)

contains the disk |w|< 4, i.e.,that
%?z < £(z), (see,for example, [2] P.13).
The purpose of this note is to consider the conditions
of complex numbers 2, p under which, for all f(z)eF,
Az+pa,z" is convex and .
(*) %z daz+ paz L £(z).
The solution for n=2 was showed by T.Basgdze,

J.L.Frank and F.R.Keogh [11 .
In this case the relation between 2, m is

L %% y 05 p é'%? .

Theorem 1. If the left-hand relation in (¥) is
satisfied for all f(z)= z + L a,z € F, then
\'X‘ > 1 2
2 5 e
Proof. Generally g(z)< f(z) implies |g’(0){&. |£7(0)]
(see,for example, [3] P.228). Q.E.D.

© m oo, . .
8,%Z ,it is easily seen

By considering 8% z 4 A é"
that we may suppose with no efféctive loss of generality

that A is real and positive.

Theorem 2. The function z+c¢ 2" is convex if

. 1
and only if &\€ T

Proof. For all f(z)& F, it is known that the
function zf (z) is starlike for (z1<1 ] .



If z+c Z"€F, then z2£'(2)=z+ n.c.z™,this implies
nengelsl, dce., lol $ L6,

Conversely ,if lcl € —1—, then

n
lRe(Z"ft"E‘;")l W& 2 _f’%l £ n(nl) |1 e |¥é 1.

Q E.D.

So that z+c¢ 2™ is convex.

Theorem 3. If for all f(z)e F, Azt poa, 2" is convex
and z(xz«-)‘az < f(z), then

H =('1)m(“'%1) :
£ (CLME sy (n=2,3,0000),

Proof. If %Z+ Pa.z™ is convex for all f(z)€F,
then,with f(z)= —1—_2-2— =z 4+ 2%+ R
by Theorem 2 we must have lz;-(lé 5T ieed,
Mmig 1—% seeees---o (1),

The mlnlmum value of |Az+p 2] on |z| =1 is then A—~1im| 3
hence —? <A z+)« z™ implies

S € A= Rl (2),

With the same f(z), if Lz+pz L £(z), then,
for all real X 43 -1 <x< 1, we have
-—T<1x+ Re}& x™ ,

and allowins x- -1 ,

Tf we put 1 '%= vV(20),p=a+ib (a,b€ R),
then from (3) we have
(_l)“ag\) ) i.e.,ana\)l""""(‘F)o

And from (2) we have
V2 Ax bt e (5),

m
Trom (4), (5) we obtain b=0 sy V =(=1) a .

-4 —



This implies
a= (~1)" , or
pe=130r - Ly,
Further from (-17) = A - —%—g 0, (_1f§; =i,

we pet by (1)

1pg L{alpe 3 ieel,

0 (-1p § iy,

Q.E.D.

Theorem 4. If about 4, M , the conditions
n
Ro= (-1 (a- ),
m
0 (-1Vpg 37T

are satisfied,then A_z*}namz“ is convex.

Proof. Suppose that
M 8

(-15p+ 5
From (-lf% =|pt, laals 1 (W) ,we get

= 1
(-1Vp+ > > T

1
e

and we obtain

W 1
D p> o1y -
This is a contradiction.

And from Theorem 2, the proof is completed. Q«E.D.

€.3 The purpose of the remainder of this note is
to consider the relations: of f(z)&F, V.(z,f),U.(z,f),

where Vo, (z,f) and U,(z,f) are defined by



Ve (2,£) =22z + (-1 (A —-%)anz“ s
1 -1 =17 .
o) (3 + Al meeif et .

For n=2 , the relation
V,(z,) < Uy(z,£) < £(z)

is known {13 .

But in ~eneral it is difficult to consider them
for all f(z)€F and n€IN, because it needs the explicit

solutions of the algebraic equations of deeree n.

But for each odd number n, we met next theorem,

Theorem 5., TFor all f(z)€ F,and odd number n ,
we et the relation
Un(2,8) L Va(z,1),
in particular, for 2% —é Max |f(z)\+-%— .
Uy (2,8) <4 Volz,0) £ £(z), (n=2m+1,m=1,2, ------- ).

Proof. By Theorem 2,Y(z,f) and Uw.(z,f) are convex.
urthermore since
1 . n -2+ia,
= =min [Va.(z,f)V2 Max|U, (z,f)| = -—(1———T—J—
2 e nA e g\ ’ 2(n -1 !
we have
Un(l2l < 1,£)C Vo (121< 1,£),
and we can write
Un(z,f) LV, (z,f),
Since |awl¢1 (see,for example, 4 P.307) , vwe ret
Max {Valz,£)] = 2+ (2 - %)tan\g 2A -~ -é—.
Then if we assume A< —;l—z-Max \£(z)\+ 7];— Jwe get
Vo (12V<1,£) € £(lz\< 1),
that is, Va(z,f) < £(z). Thus the Theorem is proved.
Q.E.D.
— 8-



Z_ for lzi<l .

Theorem 6, Let f(z) = -5
Then for each odd number n,we get the relation

Up(2,8) < Volz,£) < £(z) .

Proof. It is well known that wif(z)€ F,and it maps
1z < 1 onto the half-plane Re w>-%— .
Furthermore considering

V"L<l9f)= ”]j 9 V»\(-lsf)'-"'% ,V,,J'Z",f):vm(z,f),

and univalency and convexity of V,(z,f),we get
v, (z,£) L £(2).
Q.E.D,

Combining Theorem 5, the theorem is proved.

In conclusion we remark that from Theorem 3 and

Theorem 6, necessary and sufficient conditions on A, m

is
K=(-13 ( -‘--;];'- )y, 0 £ (-l)ﬂ)‘é j;(n—l_jy

—3—-,and 0dd number n.

with respect to f(z)= -2
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